Week 6

17 June 2021

26 Tail formula

Last time we talked about the expected value of a distribution:

EQ) = = x- Plx=)

o\l >¢

We saw that, if we’re just trying to figure out whether something X7X g XZ,\. “e .-‘- XV\
succeeded or not, we can look at indicator functions instead of the prob- !

ability itself. In this case, we let X; denote the indicator function and

we end up with:

E)~ = D)

Since this equation looks so nice, we’re going to see whether we can

turn our original definition of E(X) into something nicer. It turns out,

N
we can in the case where our x are coming from a set {0,1,...,n}. In E(X)= Z)—\D(x 5):_‘3
C——
r=6

this case, if we calculate E(X) we get:

/‘_'P
EX)EP(X=1) —mD Y. =

—_—)
+P(X =2) +P(X =2)

@W =3

+P(X =4) + P(X = 4)

2 (1-Pl= 2))

— B X
sex=9f—>px =3 (3-P(X=3))
P(X = 4)J P(X =4)

We can rewrite this into what’s known as the tail sum formula for ex-

P(Y7/l> 4+ P(xz2) PUXZ 34+~
N
Z (%)= 2 Plx=t)

pected value.
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Example 26.1, Suppose that we roll four fair six-sided dice and we

b* 9
‘) let M be the minimum value of the four numbers rolled. What is the
E(H\ x P(p=)
expected value of M? o
¥, e nowly  rolled of | die
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27 Markov’s Inequality

Let’s go back to indicators again. For indicators, we took the sum of
the indicators to get the expected value of success of our event X. How
do we know if our sum of indicators is itself an indicator?

So let X1, X5, ..., X, be a bunch of events and let Iy, I5, ..., I, be
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their indicator functions. In other words, if X; occurs then I; = 1, if X
does not occur then I; = 0. If we think about it, an indicator only has
values 0 and 1; that is the definition of an indicator function. So what

about if we're asking for the sum of indicators? P \
I=h+L+--+1I,

When is I an indicator? Well, I is an indicator if and only if I is equal
to 0 or 1 (by definition). Since each of the I; can only have values 0 or 1,
that means at most one of the indicator functions can be 1 at any given
calculation. But this is true if and only if the events X; are mutually
exclusive, i.e., no two events can happen at the same time. In this case,
we get the following equality:

P(g\(( = é?(?@

If the events X; are not mutually exclusive, then we get what’s known

as Boole’s inequality.

F UXB L é?()ﬂ

L+
We can notice a couple things from this inequality by looking at the
indicator functions. Let I = I; + - - - + I, as before, then the right hand
side is equal to E(I). The left hand side, we can view it as the proba-
bility that at least one thing is true. In other words P(I > 1). So we
can rewrite the above as:

>

¢ 2\*‘2'3’“‘\@ _o
e?oag\ + 0,

Wikipedia: Boole’s inequality

Example 27:1 Suppose we have a (non-negative) random variable

X and we know its expected value is equal to 5. What is the largest

Wikipedia: Markov’s inequality

(?M’ QVQ‘B O\>b)

probability of success that P(X > 100) could be? ><7 O E (/() - 5
7

P(x7 so) & £ -5 .

wi 00 loc

A o~
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\/ﬁ g(X\ 28 Multiplication Moments
| ( % (X% ( X\) We’ve talked about how we can make random variables functions of one

another. The example we gave wasn’t that great, but we’ll be using
functions to see how we can easily calculate the expected value from one

random variable into another.

[\Le (¥ = f(X); Then
14({3 ?(K x)

e()- Z - Z P(80)=§5) = e s

There are particular functions which mathematicians like to look at

in particular. Let f(z) = z* for some strictly positive integer k. Then
mw "
E(X*) =
o % X P =x)
Wikipedia: Moment The distribution X* is known as the kth moment of X.
If £k = 1 then we have the first moment which is usually called the
& - expected value (or mean). If & = 2 then it’s called the second moment
() or, alternatively, the mean square.
-

Example 28.1 Let’s calculate the mean square of the discrete uniform
distribution of the set {0, 1,2}. First, notice that

a ) i
= )(‘ - = : lj— -« l .i l 2,\
Z Rxe=) =04t Mg
The mean square is then given by:

e Zx R e Lt

Notice how in general E(f(X)) # f(E(X)). In other words

2 Let’s use functions in order to see why E(X +Y) = E(X) + E(Y).

-—
-

() =1
JL_‘-—‘ late E(X +Y). To do this, let’s make a function f which takes in two

T
\ \ Suppose we have two random variables X and Y and §ve want to calcu- ‘Q WO 1 :)
random variables and outputs a third: f(X,Y) =X +Y. By the above
we have i
(¥ # E(¥) -

L !

FOeX) ERE  E(EG)
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Flxed= € (Bley)) = E a@(x‘m(x % Y=y)
= 2 (}-_4—} P(K X, 729

Olix.y

- = xPlrex ) * ﬁ Uty
Another thing to note is that if we multlply); random variable by a C [?{\ + E( YB

constant, then we can just pull the constant out:

E(cX) = Z()L ’P (X:x\ - C Z_)t ?(X x) QE(K)
(R o o0 @\ x

What happens when we try and multiply two random variables?

Fxp)= 2 =3 R0 1=y

@—' But we can’t actually separate here! The only time we can actually
~

separate is if X and Y are independent. In that case:

X
,z xy PLrx) 2 (f=g) = (Zx?(x—x (Zy-Py—L/B\ E(x) EZ)’)

—

a.\v)

In other words, if X and Y are independent, then

E= EOVE)

29 Variance

When we were working on the binomial distribution, we had defined two

new concepts: the expected value and standard deviation. We already

handled the expected value, so let’s move onto the standard deviation.

We had that the standard deviation was defined as /np(1 — p) where

np was the expected value. -—Cb €~ FQQ"Q 4 \IO\(\&
What was the standard deviation keeping track of? It was keeping

track of how far away from the expected value we were. If we look at

what’s inside the square root and we expand it, we get np — npp =

E(X) — E(X)p. In other words, we get the expected value and then a

little correction factor.

If we let u = E(X) be our correction factor, then
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\Lx\b : :

AN (% - )= E0)= Elp)= E(-p= o

P AR EX-p P L
Since we’ll eventually want to take the square root, we avoid having a

negative number by squaring our equation. This gives us what is called

Wikipedia: Variance the wariance of a distribution

Yov (X)- E( £ 3
. T E (7 2XE0) B >/cwwh
@WC - Rx 0y ! ztﬁ%/)} G )

e (x)*

Wikipedia: Standard Deviation The standard deviation is then the square root of the variance.

X) = \I \JQ\/(XX

Example 29.1  Suppose we have a fair eight sided die. Find SD(X)
where X is the number on the die after one roll.

SO )= (Naw G0 = { £0¢) - Fl™
Cb& %KRK 3 = ‘+2 l—s? »r'-.,}%_;%é_:i

3 .. 69—’3
E(XL> —-Z 22 P(K=20)= —‘—3*?’§ %‘%* +—3' 22_@4'::,%:\
X=\ 2

2

N

d
) - J) = 2|
Cj,

Z 3
\IGJQX\: [’(XZ) "E(k)l-:g_l_\(%f: ::_?

<D= Nortn ' = §Z ~2245]

o

What if we only cared about success/failure of an event? In this case,
we look at indicator functions and the formulas above become much
easier. Remember that whenever we have an event A, we can create
a random variable X 4 that indicates whether or not A succeeded. In
other words: X4 is either equal to 1 or 0 and E(X4) = P(A). Then
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since X 4 is equal to 1 or 0 we have:

X2:12=1 02=0= x%2=xXx
Aw ? A A

So we have that ?{k" /QA: 0 / E(\[\k\

Var(X4) = E(X3)—E(Xa)? = E(Xa)—E(X4)* = P(A)—P(4)* = P(4) (1 - P(4))
) _ 4{

X=X = ERa) (P (RY)
(wp Q-p))

30 Standardization

If we have constants a and b then E(aX + b) Q\, (X\‘\’ b
Plugging this into the standard deviation we get:

Voo (aXd)= E( Grew)?) — ACS IR
= E(otrt 4 200) ) — GEGILY

= LR +20ER) K_JEiﬁ@f@H*?%ﬁ}

¢(X )~ E(x) ) QD(O\K{'&QF- 1 ‘\l&( (& X+ l
@M(@WJ\ =a* \ow Q)ij = m

= o\ Sp(R)
We can use these formulas to create a standardized version of the ex-

pected value and the standard deviation. Let X* = X E(X Then: Z - \‘{\j3 - X - H
{avplep) g
(x ny a@ NiOW
SO0 Sy~ O
Q;vxb.\.

D(X™) S‘ < > -~
SD(S%RS l:;gﬁ\) ISDYxy | — A

These are called the standard units for the distribution X.

—

This should look super familiar! Let ¢ = E(X) and ¢ = SD(X),

then the fractions we're looking at are \ n

Example 30.1 The average height for men in Canada is 178 cm and E' ( )__
e . —_— x)= \#3
the standard deviation is roughly 7.5 cm. Approximately what percent-
p—

age of Canadian men are taller than 166 cm? SD(X\ - j _5
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-E () 1bb- EX)
Plx> 00 = P( o0 > R

’\7( x> mb~l?z)

75
l EE l(o(o—(’ﬂj

\=F(-\-0= 04452 [{752% |

For women, the average Canadian is 164 cm with a standard devia-

tion of 7 cm. Unfortunately there is no data on non-binary or intersex

individuals.

31 Chebychev’s Inequality

Since the standard deviation tells us how far away things will stretch

from the expected value, there must be some relation between the two.

It turns out that given a random variable, the probability that it differs

from its expected value by more than k standard deviations is at most
Chebyshev’s inequal- 1%2 This is known as’ Chebychev’s inequality:

P(1x -exlz b D) L A
L i— —e_)

\!\/\Db\’ )(\,\\V\%\S (I\RN Example 31.1 Say we're working for a financial company who are
\f\Q__( 2 looking at all the transactions of their customers. They notice that
given one billion transactions, the average transaction is roughly $20 t()()
and if we square the values of the transactions, the average becomes "éZQ

$404 Find an upper bound on how many transactions are over $50.

6(73'3«4@4- X = \1&\“@03 Aongoc s
Vat (X )= EG) = T(aY
4ot - 2" des- 4o =4
D) = & =2
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P(Xx25 0\ = X-EQ ERx) = 5o- EQ‘) X-E(R\ 2 D

=P(x-€00 2 So-£)
( ;)D(x\k SD(\)>

= (X"Qb = Se~20
? /-—,_T—SDOO)

PX =202 15 DG )

PO1%-2017 15960) 5 el chey
L
N
'P(XZSO) é’]\'sj-;:lz,z_s )Q%)(X?,Sc)é%" 4/444,94’4
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32 Central Limit Theorem o
Vo (a¥b)> oA e ()

Before we get into some laws and theorems, we’re quickly going to state

what variance looks like under addition. If X7, X, ..., X, are all mu-

tually independent, then

X Nat O+ Kot 4% = Nav Q)sNad (XA -~ 4 N ()

This doesn’t work for dependent variables unfortunately! For exam-
C—

le, if X =Y (so they are dependent on one another) then we have
ple, if ( Y p )

— Var(X +Y) = Var(2X) = SD(2X)? = (2SD(X))* = 4 Var(X)

G >
and D/

LVa1r(X) + Var(Y) = Yar(X) + Var(X)J: 2 Var(X)

Remember how for the binomial distribution we had something called
the square root law where we basically stated that as we increase the
number of trials then most trials would be close to the expected value.

This works with any distribution. We’ll go through this slowly.

First let’s suppose we have n independent random variables X; each
with the same distribution X. In other words e ~

—

for all 4. Since expectatlon and variance are determined by distributions,
we also know E(X E(K ) and Var(X;) = 5!0‘( 4)( > . We
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A0S TRl
1(.'6\'\ let S,, be the sum of all the random variables:
{(\f\\)( ‘EC&\ Sp=X1+Xo+---+ X,
s( N |
g,k)(\ Then:

By = nE{ x) var(s,) = o (%) $D(S0) = {w'§ DIX)

This gives us the square root law:

*Let Sy, be the sum of n independent
ndom variables X, each wzth the same distribution X.

Let X,, = 7" be the average value. Then

E&D=RER)  SD(sAN 39(x)
E(RD= £ SDIR.) =S - Sofs

n
We continue our trek by looking at the law of large numbers in this

context. As n increases, we see that SD(S,) will grow while SD(X,,)

R decreases. This simple idea gives us the law of averages.
Wikipedia: Law of averages

Let S, be the sum of n independent
random variables X1, Xo, ..., X,, each with the same distribution X.
Le be the average value. Then for every € > 0 \

v GK’E(MV‘%“"\ 0y h >0

Notice that we don’t have an approximation for .S, in the theorem
above. That’s because there is no simple formula for the distribution of
Sy. Instead, we can use normal approximation to find a simple approx-

e L imation for .S,,.
Wikipedia: Central limit theo-

rem — Let S, be the sum of n in-
dependent random variables X1, Xo, ..., X, each with the same distri-
bution X. For large n, the distribution of S, is approzimately normal,
i.e., E(S,) =nE(X) and SD ) = /nSD(X ) In other words:

Z6Q)
e /@ 25 (o) ~Fe)

\/—\—53’%;,@\_)

Where ® s the standard normal CDEFE.
-

Example 32.4 1In this example, we’ll consider what’s known as a ran-
Wikipedia: Random walk dom walk. The problem is normally told from a physics perspective as
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this is where the idea came from.

Suppose you have an infinite line of slots and you put a particle
in the middle. Each second, the particle moves left with probability
pe, right with probability p, or stays where it is with probability ps,
i.e., Py + p. + ps = 1. Let’s suppose that the particle is having a lazy
day. It stays where it is half the time p; = % and it moves with equal
probability, i.e., pe = p, = 3

There are roughly 86,400 seconds in a day, so let’s say we run this

experiment for a little longer than a day. After 88,200 seconds, what are Y B W Wk VR W RPN

the chances that the partlcle is 300 slots away to the right from where 3
it began. % \_\_ X L ‘; >t —0

Y= 0 308
=\ \(— gb%.\
S X Fignd
\SKG,LOB"_— FZ‘-YL ‘(,998 {317"0 \[ J

"
)
-
X
o
—
+
1/
f
0

fCe= E(X) = 3% Pland

=-(

E(x*) 2 575 Pla=n)

x= -\

1
Jor() = EGE) ~Fi S = Loobz)
SDG) = S’z () = 6207 -

5 PSS ? 22 so‘ e vt Lo
E(Seram) I E(zv? o 7

SD(gggzuo) \Sg( \f— \‘ 49 0 = QIQ

]
m
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0( 3004 Sgsa)™ P 2000650 £ Sesaes £<sn\>

Ce\/\\“g\ /\’

SO Spcsh\
g A
?( o & Saa_,zgnm, ) coo)

— T /3
/\' \ jﬁ /%\1}03
= (\.a2g)
= | - o923k
— 0.0%69
33 Skewness

Just like with the binomial distribution, sometimes our normal approx-

imation isn’t very good. We need to add some sort of correeting fac-

tor. Since in the central limit theorem we look at] e let
X, = XSD]?)(())() and look at our approximations from t eTSpective. In

this case, the first moment is given by:

(x x-€® )? ECO-E) _

SN Sx)

and the second moment is given by: / ELX\

B(X}) = E((w x) ’ = E(X2~2 EGOX - E(X\’?_)_ L‘I (A):
= B o el

In order to find how much we’re off by, we look at the third moment,

and define skewness in that way.

4 ( (% €(x)) )
SD(xy

If S, = X7+ Xo+...+ X,, where the X; are independent each with
the same distribution X, then

We won'’t try and show where these formulas come because they are

skw(X) = B(X3) =

difficult to show. If you do want to try and prove it you can do it by

first showing;:

l E ((Sn - E(Sn))s) =nk ((X - E(X))s) \
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and

{ SD(Sn) = \/ﬁSD(X)A

Putting these together gives you the above formula.

As a quick example when n = 2 we have the following: K

N\

E((X1 4+ X2)®) +3B((X1 + Xo)HE(X1 + X2) + 3E(X1 + Xo)B(X; + Xo)? + E(X + X;j
= E(X}) +3E(X7)E(X1) + 3B(X1)E(X1)* + E(X1)* + E(X3) + 3E(X3) E(Xs) +3&(Xs)]
—2B((X — B(X))?) 4 38(x )Gk
€ (Kz\j

E((X1 4+ X, — E(X1 4+ X3))?)

and

SD(X1 + XQ) = Var(X1 + XQ)
= /Var(X}) + Var(Xy)
= V24/Var(X)

=V2SD X
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