Week 5

1.7.3 Area of a parallelogram

Axiom (VP-Len) states that the length of the vector product of two per-
pendicular vectors is given by the area of a rectangle bordered by the
pair. The following proposition generalises this to the area of the paral-
lelogram formed by two arbitrary vectors.

We shall represent the parallelogram formed by two vectors, v and

, with the notation //(v, w).
w, wi e notation //(v, w) &,gz
-"he area of the pamllelogam formed by the vectors

x and y is given by the length of their vector product, (||x Xyl
PE—
Aeo( ﬁ(”:’:n)’—“ xxy (1.35)

monsider the expansion y = y| + y1, where the vector y_ is

orthogonal to the vector x and the vector y is parallel to vector x. The

area of //(x,y) is equal to the product of the length of the vector x (the
base) and the length of vector y | (the height).

On the other x xy = xx (yy+y1) = xxy) +Xxy,. But

x X y) =0} because these vectors are collinear. Hence xxy =

_% = “XH ly Ll Recause vectors x and y are perpendicular. O

This proposition is very important in understanding the meaning of
the vector product. Succinctly, the vector product of two vectors is a
vector that is orthogonal to the plane spanned by these vectors, with
magnitude equal to the area of the parallelogram formed by the vectors.
The direction of the vector is defined by orientation.

It is worth recalling a formula relating the area of a parallelogram to

the length of its sides and the angle between them:

5 Iexyl = lx\giisme\ (1.36)

Compare this to the formula we saw for inner products:

(x, ) = lIx[lllyllcos 6. (1.7)

These two formulas demonstrate a fundamental property of the two dif-
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ferent products:

e The inner product is =zero if the pair of vectors are

o ()(\Mx%)\mQ./

e The vector product is zero if the pair of vectors are

Cb\\‘l\o.w/

In fact equation (1.36) can be derived from equation (1.7) using the
identity ||v x w|*+(v, w)® = ||v||?||w]||®, which we prove in Lemma 1.88

below. Using this identity we have

2 27 Ny 12 2
[HX X y” + <X7 Y> — ||X|| ||y||
= ||X||2||}’||2(Sin2 6 + cos®6)
= |x|*ly[|*sin? 6 + (x, y)*.

——

Eliminating the inner product from both sides and taking square roots
gives equation (1.36). Thus if we abstractly define angles using the inner
product formula, this is consistent with doing so with the vector product

formula.

— For a pair of vectors v and w in E3 the following

identity holds:
s s o et el el

@Bie i an orthonormal basis B and let

U1 w1
[Vlg = |v2 and W]z = | w2
U3 w3
We can be a little lazy with signs Using the determinant formula we have the following:
in the proof since each determi- Yy
2 2 2 2
nant is squared. v x wl| Y (det [} ws )™+ (det [w) wy )™ + (det [ wi])
e = (viwz — vow1)® + (V1ws — vaw)® + (vaws — v3ws)?
e e 13 ‘ . :
Z1 =T = (viwy)? + (’L‘L(L‘g)z + ((;211'1)2
RS 5w B e RS
©, W Y + (v2w3)” + (v3w1)” + (v3wa)”

—201 W1 VaWe — 2V W1 V3W3 — 2V9WoV3W3 'g \2
Calculating the square of the inner product we have:

(v, w)2 = (viwy + vaws + v3w3)2
= (1)1’w1)2 + (v2w2)2 + (U3w3)2 }—g
4201w Vawe + 201 W1 V3W3 + 2V2WoV3W3 z Q\
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Finally the square product of norms gives:

IV = (02 + o2 + 02) (0 + w2 + w?)
= (v1w1)? + (vaws)? + (v3ws)? \3 5

+ (viws)? 4 (viws)? + (vawy)?

+ (vows3)? + (vsw1)? + (vzws)?

We can now see that ||v x w||> + (v, w)* = ||v|*|w]|’. O

=2 260 =1 45 s vk

1.7.4 Area and determinants in E?

Let a and b be two linearly independent vectors in a 2-dimensional
Euclidean vector space, E2. We can consider the 2-dimensional space as
\Q\Q in an oriented 3-dimensional Euclidean space, E3. Our aim
is to calculate the area of the parallelogram //(a,b) formed by vectors
a and b.
Let n be a unit vector in E2 which is orthogonal to E2, chosen so
that the basis (a,b,n) has the same orientation as E®. Axiom (VP-1)
means that the vector product in a x b is proportional to the normal

vector n:
ax b=« _!’_l, where « is the area of //(a,b).

Let (e, f) be an orthonormal basis for the plane E?, again chosen in the
order so that the orthonormal basis (e, f, n) has the same orientation as
E3. This is equivalently to choosing (e, f) to have the same orientation
as (a,b). Let a = aje + aof and b = bye + byf. Then

axb=det [a; }ﬂ = ndet 22} (1.37)
2J

Thus o = det [le Z; . If we had instead selected a basis with the op-
posite orientation, for example (f,e,n), we would instead have a equal
to the negative of the determinant. Thus if (e1, e2) is any orthonormal
basis for a 2-dimensional Euclidean space, with v = vie; + vse; and

W = wie; + weey arbitrary vectors then

v v
det ! 211
w; w2

Next we want to consider the action of a linear operator on the par-

Area([(v,w)) = (1.38)

allelogram formed by two vectors. We shall see in the next proposition
that for a linear operator acting on a 2-dimensional space, the determi-

nant of the linear operator controls how the area scales.
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_ Let P: E?2 — E2? be a linear operator, and let a

and b be vectors in E2. Denote the images under P by a' = P(a) and
(b’ = P(b)y Then
Area(//(a’,b’)) =\dut? \ Nee~ (D( )2.33

@RiEeP Fix a basis B = (el, 62) for E? and let

e [Zj Pl = [Z [Pl = lp . p“} .

P21 P22
We obtain the coefficients of a’ and b’ by multiplying the matrix by each

column vector. This together with equation (1.38) of the last section

gives: £ G‘a\'a'(o‘( f‘”l \f

\
o~ + +
P(OQ 2 ‘ Area(ﬂ(a’,b’)) — |det P1,1a1 p1,2a2 P2,1G1 T P220a2
.\ Q\:\ P1,101 +p12bs  p21b1 + p22ba

)

= |det P| Area(ﬂ(g, b)) ]

?(0\\

P21
D22

1.7.5 Volume and determinants in E?

The vector product of a pair of vectors is related with area of the paral-
lelogram they form. We will now consider the parallelepiped formed by

three vectors.

Let a, b and ¢ be three vectors in E3. We shall denote the paral-
lelepiped formed by these three vectors with the notation f{a, b, c). We
may consider the parallelogram //(b, ¢) as the base of the parallelepiped.

The height vector h, is now proportional to b x ¢ (as it is perpendicular

to both b and c¢) and forms some angle 6, with a.

The volume of fJ(a, b, c) is equal to the length of the height vector
h, multiplied by the area of the base, //(b, c)

ol (Bt o)) = Aeen (At OV k
= fe( Z(, <>) Lo\ oe®\ \
=L * Ml ls e\ M
J(S,QQA

Let us express the vectors in terms of an orthonormal basis
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B = (e1,eq,e3) in the usual way:

aq bl c1
[a]B = |a2] [b]B - b2 s and [C]B = |co
as bg c3

We can expand the inner and vector products using the chosen basis:

\o\ (g(,,,} La ,bxod|

- \ e e (e

Cadl

*s ¢ Q:_: 2:
AEL (b!‘llw
by \?z.
:[ C\,épv&«(‘”"} <§4,,\‘(b \93)+0\3&’~1’<qc
SN
B AN B
L, bl
< &6
Putting these together we come to the beautiful formula:
a; a2 as
Vol(f(a,b,c)) = [(a, bx c)| = |det |by by bs||- (1.39) o Gve~

Ci C2 C3

Remark 1.90 Just as we remarked for the area of a parallelogram, heq Ov o=
sometimes it is useful to consider the algebraic area of a parallelepiped
as either positive or negative. In this situation, we would define the
volume to be (a, b x ¢) without taking the absolute value. The sign

would then depend on the orientation of the vector space.

We can now state and prove a proposition for linear operators and
volumes in E3, analogous to Proposition 1.89 that considered areas and

operators in E2.

~Let P:E3 — E3 be a linear operators and let a,

b and ¢ be vectors in E3. Denote the images under P by a’ = P(a),
b’ = P(b) and ¢’ = P(c). Then

Vol(fa! b)) = Ve 2\ Nol (8 (o ,5,9\3 40)

Proof. The arguments in the proof of Proposition 1.89 can be applied,

mutatis mutandis, to the three dimensional case.

More succinctly (using det M = det MT) we can see that, having
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fixed an orthonormal basis B, the volume is given by

Vol(Z(a’,b’,c)) = ’det [[a']B b5 [C/]B”
= [aet (1Pl [lals (bl [el] )

= |det P| Vol(£(a, b, c)). -
-

2 Differential geometry

2.1 Affine space

Section 1 was entirely focused on vectors and vector spaces. However,
geometry often deals with spaces whose the elements are “points”. More-
over, we would like a space where both points and vectors can interact

with one another. This leads to the notion of affine spaces.

Definition 2.1 (Euclidean affine space) Let E™ be an n-dimensional
Euclidean vector space. A Fuclidean affine space (associated with E™)
is a set of points A", along with an addition map that allows us to add

points with vectors

A" x E' — A"
P, v)»P+v

such that

(1) Vv,weE", P e A", 'P—\—(g#\;:‘\ :(?4'\\_‘>*f
2 vPear, Pro=9

(3) VP,Q € A", 3 a unique v € E" such that P’\'E -Q

Note that as they behave differently, we denote points in uppercase
and vectors in lower case.

This definition may seem a bit abstract and unintuitive, but in fact
A™ behaves exactly how we expect R™ to behave when doing geometry.
We can add a point and a vector to get to a new point, we can add two

vectors to get a new vector, but we cannot add points together.

Remark 2.2 Unlike vector spaces affine spaces do not come with a

fixed :zg@ or Q(\%\\/\ If we want to use one, we have

to make this choice.

Let A™ be a Euclidean affine space with associated vector space E™
with orthonormal basis B = (eq, ..., e,;). We wish to find a way to
describe the points of A™. This leads to the notion of a coordinate

system on A™.

Page 46


https://en.wikipedia.org/wiki/Affine_space
https://en.wikipedia.org/wiki/Affine_space

















MATH20222: Intro to Geometry Simon Peacock and Ben Smith

.

Definition 2.3 (Coordinate system) Al coordinate system on A™ is a

surjective map R™ — A™ that assigns every n-tuple of real numbers to

a point P in A™.

Note that there are many different choices of coordinate system, but

we shall begin with the most natural choice, Cartesian coordinates.

Example 2.4 (Cartesian coordinates), We first pick some arbitrary

point O € A™ to act as an “origin” of the space, as well as an orthonormal

basis B = (e, ..., e,) for E*. The Cartesian coordinate system assigns
the n-tuple of real numbers (z1, ..., 2,) to the point
|
P=0+vz O+X g e---4 X, 8, (2.1)

where v = ). x;€; is some vector in E". Note that by (3), there always
exists some vector v such that P = O + v, and so every point has some
n-tuple associated with it.

Once O and B have been fixed, the Cartesian coordinate representa-

tion of P is the column vector

s P | (2.2)

NS n . = oy s
“;(\‘s, ;y I_AT\RA’ XO\V\)& E’“’QVL

Unless stated otherwise, we shall work with Cartesian coordinates. Note
that we will use round brackets to denote that (2.2) represents a point

rather than a vector.

Remark 2.5 Example 2.4 leads to exactly the same notion of Cartesian
coordinates we are familiar with on R™: we have a coordinate axes
spanned by B centered at the origin O. The only difference is we had to
explicitly choose O and B.

Remark 2.6 A warning about literature: many authors use R™ for
both the affine space and corresponding vector space. However this
can lead to confusion, and so we shall stick with A™ to emphasise the

difference with the vector space E™.

Example 2.7 (Polar coordinates) We know that Cartesian coordinates
are not the only choice of coordinates in A". For example, we can define
polar coordinates on A? in the following way. Fix an origin O € A% and
an orthonormal basis (e, e3), the tuple M gets mapped to the point
liv—\;vherelv has magnitude r and angle 6 with ey, i.e.,

r= e\, e =W\ e d

However we can also describe polar coordinate by how it relates to Carte-

sian coordinates. In particular, if (z,y) is the Cartesian representation,
St
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it is related to polar coordinates via

r=yLosO r= | );'Z'l/u(v

y=_Y S0 0= O\(C,'\-b.v\ (%3

There are many more coordinate systems we may pick, however
the underlying geometry should stay the same regardless of our choice.
Therefore we shall work with Cartesian coordinates and show our meth-

ods hold for arbitrary choices of coordinates later.

Note Unless stated otherwise, we shall fix an origin O € A™ and an or-
thonormal basis B = (eq, ..., e,) for E", and use Cartesian coordinates
on A" with respect to O, B.

2.1.1 Tangent spaces

In vector spaces, all vectors began at the same point. This is not the
case with affine space, we have to specify which point a vector is based

at. This leads to the notion of tangent vectors and tangent spaces.

Definition 2.8 (Tangent vectors and tangent spaces) Let P be a point
in A". Altangent vector vp to A™ is a vector v € E" W
at the point P € A™.

The tangent space of A™ at P is the set Tp (A™) of all tangent vectors

vp to A" beginning at P.

We first note that the tangent space Tp 1A”) is a vec-
tor space, as adding and scaling vectors does not change their
base point. Furthermore, as we can add any vector in E”
to a point P, the vector space Tp (A") is a copy of E",
i.e., TPC []XW> é:-)_ [E

As Tp (A™) is a vector space, we can describe it with a basis. In

theory, we may pick a different basis Bp for each tangent space Tp (A™),
and we shall see later that for some coordinate systems this is the correct
thing to do. However, as we are working with Cartesian coordinates on
A" we shall fix the same basis B = (e, ..., e,) for every tangent
space Tp (A™). This allows us to write elements of Tp (A™) as column

vectors (with square brackets) as we did in E™.

Remark 2.9 The name tangent vector and tangent space may seem
odd here, considering they don’t appear to be “tangential” to anything.
This connection will become more apparent when we define tangent

vectors to curves and surfaces.

Remark 2.10 When doing vector calculus in R?, you may have come

across the notation where tangent vectors are given by ai+ bj+ ck. This

Page 48


https://en.wikipedia.org/wiki/Tangent_vector
https://en.wikipedia.org/wiki/Tangent_space
https://en.wikipedia.org/wiki/Tangent_space





























MATH20222: Intro to Geometry Simon Peacock and Ben Smith

gives a vector of the tangent space: without knowing the point at which

the vector begins, it does not make sense on it’s own.

Finally, we make a quick note about functions on affine space. As
we are doing differential geometry, we want our functions to be as dif-

ferentiable as possible!

Definition 2.11 (Smooth functions) Let f be a real-valued function

on A"

f: A" - R
T
= f(T1,...,Tp).
Tn

We say f is smooth if every partial derivative of f exists, i.e.,
o
P
O X3 o -0

We won’t need to worry too much about this definition: all this

exists for all a; € Z>9, a1 + -+ ap, = a.

means for us is we are free to differentiate smooth functions as much
as we want and not worry about awkward issues such as whether a
derivative exists or not. For us, practically all the functions we will

work with will be smooth.
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