Week 10

4.2 Affine transformations of conic sections

In this section we will consider how affine transformations act on the
conic sections. Initially we will prove that any ellipse can be mapped to
any other ellipse via an affine transformation. The same is true for the
other types of conic section: a hyperbola can be mapped to any other
hyperbola; and a parabola can be mapped to any other parabola. It is
not possible however, to take one type of conic section to a different type
via an affine transformation. In fact, the image of an ellipse, hyperbola
or parabola under an affine transformation is always again an ellipse,

hyperbola or parabola respectively.

Proposition 4.16 Let C, and Cy be ellipses in A%. Then there is an

affine transformation f such that

PecCy ifand onlyif f(P) e Cs.
Proof. By Proposition 3.6 we know that there is a pair a,b € R and a
frame F = (B, 0), with B = (e,, e,) orthonormal such that

2 2

P =0 +ze, +ye, € C; if and only if %+y—2:1.
a b

Similarly there is a pair ¢,d € R, a frame F = (C,Q) with C = (f,,f,)

orthonormal such that
P=Q+zf, +yf, € Cy if and only if x——l—— =1.
c
Let L: E2 — E? be the linear operator given by
d
L(e1) = Efm and L(ex) = —f,.
a b
Let f be the affine transformation defined by

f(P)=Q+ L(P-0),
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o
d
f(O +ze, +ye,) =Q+ %fx + ?yfy.
With f as defined we have
P =0 +ze, +ye, € Ch
22 g2
— a2t E = 1
(%), ()
S 2 g 1
d
= f(P):Q+%fm+%fyeCQ. O

We state the next two propositions, which concern hyperbolas and
parabolas, without proofs since the arguments are very similar to those

of Proposition 4.16.

Proposition 4.17 Let C; and Cy be hyperbolas in A?. Then there is

an affine transformation f such that
PeCy ifand only if f(P) e Co.

Proposition 4.18 Let C; and Cy be parabolas in A%. Then there is

an affine transformation f such that
PeCy ifand only if f(P)eCy.

Example 4.19 Let us consider the area of (the interior of) an ellipse,

C which is given by the equation
P =0+ ze; +ye, € C if and only if

with respect to a Cartesian frame F = ((ex, ey), O). Let U be the circle

of radius 1 about O: this has equation
P=0+ze, +ye, €U if and only if

Using Proposition 4.16 we have an affine transformation that maps
U to C. Moreover, using the proof of the proposition, we see that the
induced linear operator has matrix [& )] and determinant ab. Since the
determinant controls how areas scale, and we know the area of a unit
circle is 7, we see that C has area abm. Recall that a is the length of the

major axis and b is the length of the minor axis.

Theorem 4.20 Let C C A2 be a conic section and f: A> — A? be an

affine transformation. Then

o the curve C is an ellipse if and only if f(C) is an ellipse;
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o the curve C is a hyperbola if and only if f(C) is a hyperbola;

e the curve C is a parabola if and only if f(C) is a parabola.

We shall not prove this theorem: the proof is most easily proved
using algebraic ideas involving quadratic forms. These ideas lack much
geometric intuition and hence are not particularly suited to this course.
We will however make some comments on why one type of curve cannot

be mapped to a different type.

Let E be an ellipse and C be a parabola or a hyperbola. The area
of E is (see Example 4.19) and for any affine transformation,
the determinant of the associated linear operator scales this area. Since
the area of C' is the ellipse E' cannot be mapped onto C,

nor can C' be mapped onto E.

To see that a hyperbola H cannot be mapped onto a parabola P,
consider the two tangent lines to H that are perpendicular to the line
through the foci. These lines are and each contain a
single point of H: it follows that if a linear transformation mapped
H to P then we would need two lines, each of which
containing a single point of P, but every point on a parabola has a

tangent with a different gradient, so this cannot happen.

5 Projective Geometry

Projective geometry has its origins in understanding how people see the
world, this is often called perspective. Consider a human eye: light
enters through the pupil and makes an image on the lens at the back
of the eye. The image on the lens is upside-down and reversed but is
obviously interpreted by the brain correctly. As a simplified model, let
us consider the pupil as a single point and the lens a plane behind the
pupil. The light hitting a particular point on the lens is determined by
a straight line from that point, through the pupil. In fact, if we wish
the image to be correct orientated then we can instead model the lens
in front of the pupil; see Figure 18. This simple model of an eye leads
to the definition of projective geometry, where the projective points are

the lines in affine space through a fixed origin.
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orientated image.

(a) The lens is shown behind the pupil and the image re-
versed.

Figure 18: Simple model of an eye: the image on the lens is determined
by straight lines from objects in space through the pupil.

Throughout this section we will implicitly use Cartesian coordinates
for A™. This means that we assume there is a chosen origin and points
will be represented as n-tuples (z1,...,x,); or often (z,y) or (z,y, 2) in

2-, or 3-dimensions.

5.1 Projective space

We will begin by considering the lines in A? through the origin. Let us
fix the affine line y = 1. It straightforward to see that all lines through
the origin intersect this affine line in a unique point, except the line

, which is parallel and therefore does not intersect it at all.
Since the projective points are the lines through the origin, we see that
the points in projective space are fully determined by an affine line A®,
together with one extra point, which we call a point at infinity. Since
this is intuitively one-dimensional, we call this space the 1-dimensional
projective space; the projective line; or P'. Similarly, n-dimensional

projective space, or P, will be the lines through the origin in A™*!.

Figure 19: The projective line P!, is determined by points on a fixed
affine line y = 1, together with one additional point at infinity.

Definition 5.1 (Projective space) We define n-dimensional projective

space, denoted P", to be the lines through the origin of the affine space
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Just as we have coordinates for A"t we wish to have a coordinate
system for P™. Given a line through the origin, any point (z1, ..., Tn11)
on the line, except the origin itself, determines the line. It is straightfor-
ward to see that two points (a1, ..., ant1) and (by, ..., by41) determine
the same line if and only if there is a scalar A\ such that a; = \b; for
all i € {1,...,n+1}. Using this concept we define the homogeneous

coordinates of projective space.

Definition 5.2 (Homogeneous coordinates) Any (n + 1)-tuple of real
numbers, (1, ..., Zn41), which are not , determines a
point in P™. This point is called a homogeneous coordinate of P and is

denoted by [z1 : 22 : - : xp41]. Note that for any A # 0 we have

Example 5.3 Consider the projective line P'. Every point is given by
a pair [z : y], where at least one of z and y is non-zero. If y # 0 then
[x:y] = and these are exactly the points corresponding to
lines that intersect y = 1 in Figure 19. On the other hand, if y = 0,

then z # 0 and [z : 0] = is the only remaining point.

Example 5.4 Generalizing Example 5.3, consider the points in P™.
These points are given by homogeneous coordinates [x1 : -+ : @y, : 2]. If
z # 0 then we see that

Since the first n values are arbitrary, we see that points of this form are
in one-to-one correspondence with points in A™. The remaining points

have z = 0 and have coordinates

[®1: 2y : 0] =

for any A € R. These points are in one-to-one correspondence with

points in P"~! and are often referred to as points at infinity.

The ideas in Example 5.3 and Example 5.4 show that we can deter-
mine most points in P™ by points in A™. These ideas lead to the concept

of affine charts and associated affine coordinates for projective space.

Definition 5.5 (Affine chart) Let P™ be a projective space with homo-

geneous coordinates [z1 : -+ : 2p41]. To each coordinate x; there is an
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associated affine chart A} containing all projective points with x; # 0:

A?:{[xlz-n:an]E]P’" | xz#O}

:{[ul;...;ui_l:1:ui:-~'lun]epn}'

With respect to a given chart: the points on the chart are called finite

points and the points outside the chart are called points at infinity.

In light of Definition 5.5, we see that the term point at infinity is
a little ambiguous: a point at infinity with respect to one chart can
become finite with respect to a different chart. Also notice that since a
projective point cannot have all coordinates equal to zero, there always
exists an affine chart containing any given projective point. That is, all

projective points are finite with respect to some affine chart.

Example 5.6 Consider again the projective line P! and Figure 20. The
projective points that intersect the line y = 1 correspond to the points
of the affine chart Al, where the second coordinate is non-zero. With
respect to this chart the point [1 : 0], corresponding to the x-axis, is a
point at infinity. If instead we looked at the point of intersection with
the line x = 1 we have the affine chart Al. The only projective point

that does not intersect this line is [0 : 1], corresponding to the y-axis.

\ r =1
A

— v=1

e

Figure 20: The projective line P!: the lines that intersect y = 1 corre-
spond to one affine chart; the points that intersect x = 1 corresponds to
the other.

Definition 5.7 (Affine coordinates) Let AT be an affine chart for P™.

Any point P =[xy : .-+ : ®,41] in this chart has z; # 0. We define
the affine coordinates for P with respect to the affine chart A} by the
n-tuple (2+,..., ) = (uy, ..., up), with 2t excluded.

Example 5.8 Counsider the point P = [1 : 2 : 0] in the projective
plane, P2, What are its affine coordinates with respect to the first,

second and third affine charts?
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Remark 5.9 Most of the time when we fix an affine chart, it will be

the last affine chart; that is the one with non-zero last coordinate.

5.2 Projective transformations

We wish to define transformations of P”, and we will do so using trans-
formations of A"*!. In order for an affine transformation of A"*! to
induce a map of projective space it must take lines through the origin to
lines through the origin. Recall that affine transformations of this kind

are in one-to-one correspondence with invertible linear operators.

Definition 5.10 (Projective transformation) Let 7': A"Tt — Ant!
be an affine transformation that fixes the origin (equivalently T' is an

invertible linear operator). The map P* — P»
(1 a9t i) (2] rah et ],

where T'(x1,...,Tpy1) = (#1,...,2],,1), is called a projective transfor-

mation.

Notice that scaling T" by any non-zero value gives rise to the same

projective transformation.

Example 5.11 Consider the projective transformation of P! given
@

by the matrix [ ﬂ What does this map look like in terms of
2

homogeneous and affine coordinates?
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Remark 5.12 Later it will be helpful to be able to do arithmetic
on the projective line. We can do arithmetic on any projective line

P; = A' U {oc} via an abuse of notation with the following rules:

Formally, oo is just shorthand for the the point [1 : 0] on the projective
line, so you can’t get away with using infinity like this unless you are

working on a projective line!

In general, restricting a projective transformation to an affine chart
does not give a well defined transformation. As Example 5.11 shows,
these transformations tend to be defined almost everywhere on the affine

chart. We call these rational transformations.

When does a projective transformation define an affine transforma-
tion on an affine chart? The issue with Example 5.11 is that points on
the affine chart were getting mapped to infinity and vice versa. The next
proposition shows that if the projective transformation only maps affine
points to affine points, it is an affine transformation. In particular, this

shows that projective transformations generalize affine transformations.

Proposition 5.13  Fiz an affine chart A™ C P Let
T: P — P" be a projective transformation such that for any
P € A"™ the image T(P) is again in A™. Then T induces

of the affine chart A™.

Proof. Without loss of generality we fix A™ = AT, where the last
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coordinate is non-zero. Let

ar,i ce a1,n ai,n+1
an,1 e An,n An n+1
an+1,1 e an+l,n an+1,n+1

be a matrix representation for 7. (Equivalently, a matrix repre-
sentation for a linear operator inducing 7.) Consider the point
P=[0:---:0:1] €P"”. This point is in the affine chart and so
T(P)=[a1n+1: """ Gnt1n+1] is also in the affine chart. This means
that apy1n+1 # 0 and so by rescaling the matrix we can assume the

matrix is of the form

bl,l e bl,n bl,n+1
A
where b ; = —L—.
bn,l o bn,n bn,n+1 Unt1ntl
anrl}]_ oo b7l+17’r7, 1

Now let us assume that b, 1 is non-zero: then the affine chart contains
the point [

coordinate 0. Since this cannot happen we conclude that b,y1,; = 0.

bﬂj ~:0:---:0:1 and this would have an image with last

Similarly, we can conclude that all entries in the last row are zero apart

from the last and the matrix of P has the form

bl,l cee bl,n bl,nJrl
(5.1)
bn,l s bn,n bn,n+1
0 e 0 1
This is exactly the matrix of an affine transformation. O

Example 5.14 Let us consider how a general projective transformation
acts on an affine chart. Let T': P2 — P2 be a projective transformation

given by the matrix
az Qy G
Cx Cy Cs
and with action

T:P? — P?
[@:y:z]— [agx + ayy+ a2z bpx + byy + b2 1 cux + ¢y + 2]

What is the induced rational transformation on A%? and when is this
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transformation affine?
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