MATH20222: Introduction to Geometry

Exercises 10

The exercises have been split into key and extra exercises: make sure you are comfortable with key
exercises first as they cover important calculations or key geometric concepts.
We expect you to spend approx. 2 hours on exercises, don’t worry about finishing them all.
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1 Key Exercises

Question 1 For each of the following projective transformations, write down the induced transformation
on each affine chart. State whether the induced transformation on each chart is affine or rational.

(1) T:PL - P, T([z:y]) = [6x:2x + 3y

(2) T:P?2 P2, T(r:y:2)=[r+y:2y:y+2|
Solution. (1) On the first affine chart, T" acts as

T(:0]) = [5:30+2 = [1;3”;2].

In affine coordinates v, this is the affine transformation v +> %v + %

On the second affine chart, T acts as

T([u:1]) = [bu: 2u+3] = [2513 :1} .

In affine coordinates u, this is the rational transformation u 2313 as the transformation is

undefined for u = _72

On the first affine chart, T acts as

20 .1}+w:|

T([l:v:w])—[1+v:2v:v+w]—[1:1)_1_1.U+1

In affine coordinates (v, w), this is the rational transformation (v, w) (ffl, er) as the trans-
formation is undefined for v = —1.

On the second affine chart, T acts as

u+1 'w—|—1]

T([u:l:w}):[u+1:2:1—|—w]:[ .1.T

In affine coordinates (u,w), this is the affine transformation (u,w) — (4, 2.
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On the third affine chart, T acts as

T(u:v:1)=[u+v:20:0+1]= [“*” 2v 1].

v+1'v+1:

utv _2v
v+17 v+1

In affine coordinates (u,v), this is the rational transformation (u,v) — ( ) as the transfor-

mation is undefined for v = —1.
O

Question 2 For each of the following affine/rational transformations, find a projective transformation
that induces the transformation on some affine chart.

(1) f(u,v) = (3v,2u+1)

3v u—+v
2 =
(2) flu,v) <2u+v+1’2u+v+l
Solution. For both, let us assume these are the induced transformations on the third affine chart. There-
fore we find the image of [z : y: z] where u = £,v =¥

(1)

T(x:y:2]))=T(u:v:1))
=[3v:2u+1:1]
=[By:2x+z:2]

T(x:y:2])=T(u:v:1])

- v o utv

{2u+v+1'2u+v+1' ]

_{ 3y Ty .1]
2e+y+z 2x+y+z

=By:z+y:2c+y+ 2]
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2 Extra Exercises

Question 3 Let (z,y) be a Cartesian coordinate system for A2, Let C be the curve with implicit
equation 22 — y? = 1. Let D be the curve with equation 2zy = 1.

(1) Sketch the two curves C and D.
(2) Find (with proof) an affine transformation that maps C to D.

(3) Deduce that D is a hyperbola.
Solution. (1)

(2) A rotation about the origin by § maps C to D:

Proof: The affine transformation has the matrix

1 _1
2o
N=|k & o
0 0 1
and (x y)H(%,%) Thus
(z,y) € C
22— =1
(z+y)(z—y)=1

111l

2
f((z,y)) € D O

(3) Since C' is a hyperbola and D is the affine image of a C', we must have that D is a hyperbola.
O

Question 4 Let (z,y) be a Cartesian coordinate system for A? and let C' be the curve with implicit
equation y = azx? + bx + ¢ for a,b,c € R and a # 0. By considering the affine transformation f with
matrix

0 % b24—a42ac
b

1 0 o

0 0 1

prove that C' is a parabola.
Solution. Under the affine transformation we have that

T 0 1 b%2—4ac T y + b%—4ac 7

f a 4q2 a 4a2 -
gt 0 L [yl =]"avt | =10
1 00 1 1 1 1
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Then
(z,y) e C
— y=az>+br+c
— = %+ gx + £
_ b2 b2
= t=(tm) —amte
2 2_

= (o4 95)" = &+ b

= 7’ = 7.
Since the curve f(C) is a parabola we know that C' must also be a parabola. O

Question 5 In the course we have shown how to write P! = A' U A®, where A® is a point at infinity.
Show that one can write P™ as .
P = J A"
i=0

Solution. We saw that we can break P" into a copy of A" and P"~! by considering points where the
final coordinate is non-zero:

PP ={[z1: i@ Tpt1] | Tnp1 Z0FU{[z1: @0 Tpt1] | Tng1 =0}
={[ur - rup:1) | us €RYU{[z1 -2, : 0] | 2; € R(not all zero)}
= A" UP"L

We can repeat this decomposition on P*~! to get P* = A™ U A"~! UP" 2. Repeating until we have
decomposed all P* until PY = A°, we get

P*=A"UA"TU---ATUAY

={[ur - rup YU {ur s iUy 2 1:0] U
eU{Jur :1:0:---:0JU{[1:0:---:0]}
(To be rigorous with this proof, one should use induction but the argument is exactly the same). O

Question 6 Let T: P" — P be a projective transformation such that the induced transformation on
each affine chart is an affine transformation. Show that T is of the form

T([:cl Dl JC”_H]) = [)\1581 Dl >\n+11‘n+1], /\z cR \ {0}

Solution. Let T be a projective transformation that induces an affine transformation on each affine chart.
Let M = (M, ;) be the (n + 1) x (n + 1) matrix that induces this transformation.

Consider the point P; = [0:---:1:.-.: 0] with zeroes everywhere except the j-th entry. Further-
more, we have

T(Pj) = [My;j:---: My ).

As T induces an affine map on A7, it must map affine points to affine points. Therefore as P; € A7, we
have T'(P;) € A and so M ; is nonzero for all j.

Suppose M; ; # 0 for ¢ # j. Then we consider the point Q with %I’JJ in the ith entry, 1 in the jth
entry and zero everywhere else. Then in the j-th entry of T(Q) we have

—M;,;

2Y)

T(Q); = M+ M =0,
implying that T(Q) is not on the jth affine chart, and that T induces a rational transformation, a
contradiction.

Therefore M is a diagonal matrix - if the elements on its diagonal are A;, we get exactly the projective
transformation described.

(This is almost exactly the proof of Proposition 5.13). O
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