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Homework 3 solutions

by Aram Dermenjian
20 January 2020

An exercise marked with the symbol x is considered more difficult and will
not be an exam question.

Exercise 1 Prove the following limit using an €, § proof.

lim 2% =0
x—0

Solution. (1) Analysis: Let’s start with
|z — 0| < ¢
and try and change the equation to something like | — 0] < §. Then
|2 —0] < ¢
|23| < e
lz]? < e
|| < Ve
Therefore we want to let § = J/e.

(2) Proof: Suppose e >0 andlet § = /e > 0. If 0 < |x — 0] < ¢ then
25— 0] = |2[* < 6% = ¥ =

(3) Therefore, by the definition of a limit we are done.

Exercise 2 Prove the following limit using an e, é proof.

lim+ V6+x=0

r——6

Solution. (1) Analysis: Start with
[V6+z—0|<e

and we want to change this equation to look something like —6 < =z <
-6+ 6.

|[V6+z—0]<e

V6 + x| <e
0<Vb6+z<e
0®<6+x<c®
0-6<z<e®—6

Therefore, we want to let § = 8.
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(2) Proof: Suppose e >0andlet § =% >0. If =6 < x < § — 6 then

—6<x<d—6
S0<z+6<d=¢®
=0<Vr+6<e
=|Vr+6|<e

(3) Therefore, by definition of the right-hand limit we are done.

Exercise 3 Evaluate the following limits and justify each step.

(1)
lim (z* — 3x)(2? + 52 + 3)

rz——1

(2)
lim Vut+3u+6
u—>—2

3)

Hm —3t+5>
Solution. (1)

r——1 r——1

lim (x* — 3x)(2? + 52+ 3) = ( lim « —Sx) ( lim « +5x—|—3>
z——1 z——1 r——1

lim z* — lim 31:) ( lim 22+ lim 5z + lim 3)
r——1 rz——1 r——1

((-1)* -1)) ((-1)* +5(-1) + 3)
( + )(1—5+3)

=4.--1

=4

lim u* +3u+6= 1im2u4—|—3u+6

u——2 u——

= lim w*+ lim 3u+ lim 6
u——2 u——2 u——2

=V(-2)*+3(-2) +6
=V16—6+6
=16

=4
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3)

Exercise 4

(1)

(2)

lim

t—2

(

2 -2
3 —3t+5

)2

lim BT
z—-3 x4 —r — 12

lim

lim

272 2
lim ——
t—2¢3 —3t+5

limy ot — 2

- (hmHQ B —3t+5

Evaluate the following limits, if they exist.

2% 4 3z

z2 + 3z

mﬁ4127m712

2224+ 3r+1

-1 22 — 22 — 3

lim

h—0

(2+h)3 -8

tt—1

I
1 t3 —1

lim

u—2

lim
h—0

(3+h)"

Viu—+1-3

u— 2

1_3—1
h

y
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(8)
i (Lo 1
t—0 \ t 12+t
9)
L 22— 4z +4
) 2 — 322 -4
(10)
o 2+9-5
r——4 x + 4:
(11)
1i (nc—%-lh)2 B 19%2
hli% h
Solution. (1) 2
(2) DNE
® 1
(4) 12
OF
) 2
M -3
(8) 1
(9) 0
10) -2
) -3

Exercise 5 Use the squeeze theorem to show

lirr%) Vad +a? Sin(z) =0
x

T—r

Solution. First recall that —1 <sin(Z) < 1. Therefore
—Va3 + 22 < /a3 —&—xQSin(i) <Vaz3 4+
x

But, by the limit laws we have:

m —/23 4+ a2 = -/ (-1 + (—1)2 = —V/=1+1=0

li
z—0
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and

lim Vad+22 = /(12 + (-1)2=vV/-1+1=0

Therefore, by the squeeze theorem
lim /a3 4 22 sin(z) =0
x—0 xX
O

Exercise 6 If 2z < g(x) < 2% — 22 + 2, for all z, find lim,_,; g(z).
Solution. Since limg_,1 22 = 2 and lim,_,; 2* —2?+2 = 1—1+2 = 2, therefore,
by the squeeze theorem, lim, 1 g(z) = 2. O

Exercise 7 Find the following limits, if they exist.

(1)
2x¢ + 12

m ——-77
r——6 Ia? + 6|
(2)

. 2— |z
lim
z——2 2 +x

. (1 1 >
lim [ — - —
z—0+t \x |z

3)

Solution. (1) DNE

O

Exercise 8 Use the definition of continuity and the properties of limits to
show that the function is continuous at the given number a.

(1) g(t) = G5, a =2

2+1°
(2) f(x)=3z* —bx+ Va2 +4,a=2
Solution. (1) It suffices to show lim;_,5 g(t) = & = g(2).

(2) It suffices to show lim,_,5 f(x) =40 = f(2).
O

Exercise 9 Explain why the functions below iare discontinous at the given
number a.

(1) for a = —2,
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(2) for a =—1,

2
== it
f@) {1 ifz=1

(3) for a =3,

222 —5x—3 if 3
fay=q w8 M7
6 ifx=3

Solution. (1) The limit lim,_, 5 f(x) does not exist.

(2) We don’t have equality:

lim f(x) = 5 # 1= 7(1)

r—1

(3) We don’t have equality:

lim f(z) =77#6=f(3)

r—3

O

Exercise 10 Explain using our theorems, why the functions below are contin-
uous everywhere on its domain. What are their domains?

(1)
(2)

(4)

2
G(z) = 290%:;1—1
esin(t)
R(t) = 2%cos(rt)
B(x) = 7%

N(r)=tan (1 +e™")

Solution. (1) G(z) is a rational function so it is continuous on its domain:

(2)

3)

(4)

NI

(=00, —2)U(—3,1) U (1,00).

Since e*™®) and cos(wt) are continuous everywhere then 2 + cos(wt) is

esin(t)

Toos(rl) " Therefore the domain

continuous everywhere and so is R(t) =
is R.

We know that tan(z) is continuous on its domain: {x | e # 5+ 7m}.

Furthermore, v/4 — 2?2 is continuous on its domain: [—2,2]. Finally, we
have B(x) is continuous on its domain: (-2, —-%)U (=7, %),U(5,2).

2 . .
™ is continuous everywhere and therefore, the com-

7712

By our theorems e~
posite function 1+ e is continuous everywhere. Furthermore, tan~! is

continuous everywhere and therefore N(r) is continuous everywhere on R.
O

Exercise 11 Locate the dicontinuities of y = In(tan?(x)).
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Solution. First, tan?(z) is discontinuous at z = 5 + mk where k is any integer.
Furthermore, In is discontinuous whenever tan?(x) = 0, in other words whenever
x = mk. Therefore, our function is discontinous at x = Zn for any integer n. [

Exercise 12 Use the intermediate value theorem to show that there is a root
of the given equation in the specified interval.

(1) In(z) =z — v/z on (2,3).

(2) sin(x) = 2% — z on (1,2).
Solution. (1) Since In(z) = z — \/z is equivalent to In(z) — z + /z = 0, we
let f(z) =In(z) —z + /2. Since f(z) is continuous on [2, 3] we can plug
in the end points of our interval:

F(2)=In(2) =2+ V2~ 0.107 f(3) =In(3) — 3+ V3~ —0.169

Therefore, since f(2) > 0 > f(3), by the intermediate value theorem,
there is a number ¢ in (2, 3) such that f(c) = 0. Thus, there is a root in
the interval (2,3) for the equation In(z) = © — /x.

(2) Since sin(x) = 22 — z is equivalent to sin(z) — 2% + x = 0, we let f(x) =

sin(x) — 2% +z. Since f(x) is continuous on the interval [1, 2], we can plug
in the end points of our interval:

f(1) =sin(1) =12 +1~0.84 f(2) =sin(2) —22 +2~ —1.09

Therefore, since f(1) > 0 > f(2), by the intermediate value theorem,
there is a number ¢ in (1,2) such that f(c) = 0. Thus, there is a root in
the interval (1,2) for the equation sin(z) = 2% — .

O
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