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Homework 1 solutions
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6 January 2020

An exercise marked with the symbol x is considered more difficult and will
not be an exam question.

Exercise 1 Let f(z) =2+ V4 -2+ 2% and g(u) = u+ V4 —u+u? Is it
true that f = g?

Solution. Yes, since both functions are exactly the same. The variable chosen
to represent the function makes no difference. O

Exercise 2 Let f(z) = "L;__f and g(z) = z. Is it true that f = g?

Solution. No, since g has as a domain R and f has as a domain R\ {0}. O

Exercise 3 Let f be the function with the following graph:

What is the domain and range of f7

Solution. The domain is [—2,4] as these are the only values of « for which this
function is defined. The range is [—2, 8] as these are the only values of f(x)
which the function achieves. O

Exercise 4 Give the domain and range of each of the following functions.
1) flx) =z
(2) fl@)=vz+1
(3) fl) =3
(4) f(z)

= 122
Solution. (1) Domain: [0,00) — all non-negative real numbers.
[0, 00

1

f
f
f
f

Range: ) — all non-negative real numbers.

(2) Domain: [—1,00) — For v/ + 1 to make sense, we must have x + 1 > 0,
or x > —1, giving us the domain.
Range: [0,00) — all non-negative real numbers.
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(3) Domain: R\ {0} — all non-zero numbers since 1 only doesn’t make sense

when = = 0 as we can’t divide by 0.

Range: R\ {0} — Since any non-zero real number z can be written as +

therefore, every non-zero real number is in our range.

=

(4) Domain: R\ {£1} — Since we can’t divide by 0, we can’t have 1 — 2% = 0,

in other words x can’t be —1 or 1.
Range: (—o0,0) U

[1,00) — If < —1 then f(z) < 0. Similarly, if z > 1

then f(z) < 0. On the other hand, if —1 < « < 1 then « > 1.

O

Exercise 5 Let f, g and h be the functions with the following graphs:

N

For each, determin whether the function is even, odd or neither.
Solution. The function f is neither even nor odd. The function ¢ is odd. The

function h is even.

O

Exercise 6 Determin whether the function f is even, odd or neither.

(D) f@) = =5

2

(2) f2) = 7
(3) f() =1+ 323 -2

(4) fl@) =1
Solution. (1) Odd

(2) Even
(3) Neither
(4) Neither

Exercise 7 Find the domain of the following function.

_ ly+1]

q(y) 1)
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Solution. Since |y+ 1| is defined everywhere, it doesn’t effect our domain. Since
we can’t divide by 0, we can’t have (y — 1)? = 0. In otherwords

(y—1)>#0
ly=1[#0
y# 1

So the domain is given by R\ {1}. O

Exercise 8 Consider the following graph:

-
N

Is this the graph of a function and why?

Solution. This is not the graph of a function because it does not pass the vertical
line test. In other words, one number gets mapped to multiple points, which is
not allowed. O

Exercise 9 Let f(z) = +v3—z and g(z) = vVa?—1. Find f+ g, f — g, fg,
f/g and state their domains.

Solution. (1) (f +¢9)(x) = V3 — z+ va? — 1 with domain (—oo,—1] U [L, 3].
2) (f —9)(x) =3 —2—+Vx? —1 with domain (—oo,—1] UL, 3].
(3) (fg)(x) =3 —2x-+vz? —1 with domain (—oo, —1] U [1, 3].

(4) (g) (z) = \/‘/% = \/g with domain (—oco, —1) U (1, 3].

O

Exercise 10 Find the functions fog, go f, fo f, go g and their domains for
the following;:

(1) f(2) = a® =2, g(a) = 1 —da
(2) f(2) = sin(a), g(a) = o2 +1

(3) f(x) = T g(x) = sin(2x)
Solution. (1) e (fog)(z) = —1— 122 + 4822 — 6423.
o (gof)(z) =9—4a3.

o (fof)(x)=2a— 625+ 122 — 10.
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(9og)(z) = -3+ 16z.
The domain of all of the above is R.

gog)(x) =z +22% +2.
e THe domain of all the above is R.

(3) e (fog)(zx)= 1?;512(2;) with domain R\ {2F +7n | n € Z}.
* (90 f)(@) =sin (£ ) with domain R\ {~1}.
o (fof)(z) = 5= with domain R\ {—1,—3}.
e (gog)(x) =sin(2-sin(2x)) with domain R.
O
Exercise 11 Find f o g o h where
(1) f(@) = |z — 4], g(x) = 2%, hiz) = Va.
(2) f(z) = tan(z), g(z) = ;%7 h(z) = V.
Solution. (1) (fogoh)(x)=|2V% — 4.
(2) (fogon)() = tan (42;).
O

Exercise 12 (x) Suppose g is an even function and let h = f o g. Is h always
an even function.
Solution. Yes! Since:

h(—z) = (f e 9)(=2) = fg(—x)) = f(g(x)) = (f 0 g)(x) = h(x)
O

Exercise 13 (x) Suppsoe g is an odd function and let h = f o g. Is h always
an odd function?
Solution. No. Since if f is odd then

h(=z) = (fog)(—z) = f(g(—=)) = f(—g(2)) = = f(9(x))
implying h is odd. If f is even then

h(—z) = (fog)(—=) = f(g(—x)) = f(—g(z)) = f(g(z))
implying h is even. O
Exercise 14 Let f(z) = 22% — 1 and g(z) = 42 — 3x. Show that fog = go f.
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Solution. It suffices to show that

(fog)(x) = (go f)(zx)=322°% — 482* + 1822 — 1

U

Exercise 15 Express the following in teh form of f o g.

(1) F(x) = cos?(x).

(2) q(=) = {5

(3) ult) = T
Solution. (1) f(x) =22, g(x) = cos(x).

(2) f(z) = V7, glx) = 1=

(3) f(t) = 15, 9(t) = tan(t) -

Exercise 16 Find the exact trigonometric ratios for the angle whose radian
measure is given:

(3) 1.

Solution. (1) e sin (%) = — Y3
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ry _ _ 1
o cos (45F) = =75
e tan (%) =—1.
® CsC 11”) =/2.

Exercise 17 Find the remaining trigonometric ratios.

(1) cos(z) = 71, where 7 < 2 < 2T
(2) csc(f) = —2, where 3% < 0 < 27.
Solution. (1) e sin (1’) = %

oL
e tan (0) = —%.
e sec(f) = %.

e cot(0) = _T7

Exercise 18 Show that sin?(x) — sin?(y) = sin(x + y) sin(z — y)

Solution.

sin(x + y) sin(x — y) = (sin(z) cos(y) + cos(x) sin(y)) (sin(z) cos(y) — cos(x) sin(y))
2

= sin?(z

2

()
(z)
= sin“(x)c
=sin?(z) (1 —sin®(y)) —
= sin®(z) —
= sin?(z) — sin?(y)

Exercise 19 Prove that tan(z) + tan(y) =

os?(y )—cos () sin?(y)
2

cos?(y) — sin(z) cos(y) cos(x) sin(y) + cos(z) sin(y) sin(z) cos(y) — cos?(z) sin’(y

(1 — sin (m)) sinz(y)

sin(z+y)
cos(z) cos(y) *

sin?(x) sin?(y) — sin?(y) + sin?(z) sin®(y)
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Solution.

tan(z) + tan(y) = c-os(:c) + 2:;((3;))

sin(z) cos(y) + sin(y) cos(x)
cos(x) cos(y)
sin(z + y)
cos(x) cos(y)

O

Exercise 20 Use the law of exponents to rewrite and simplify the expressions:

(1) = (3:102)3.

2) =t
avb
) e
Solution. (1) 27x7.
(2) x4n73.
(3) a1/6b71/12.
O
Exercise 21 Given the following formula, determine whether they are one-to-
one.
g(z) = Vx
Solution. It passes the horizontal line test so it is one-to-one. O

Exercise 22 Find a formula for the inverse of the following function

74x71
22+ 3

f(x)
Solution.
_4r—1
2043

Y =yRz+3)=4r—-1

=2zxy+3y=4r -1
=3y+1=4z —2zy
=3y+1=04-2)x

Jy+1
==
4—2y
3z +1
-1
= =
@)=,
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