MATH20222: Introduction to Geometry

Tutorial 2

Question 1 We continue Question 1 from Tutorial 1. Let B = (ej,ez,e3) be a basis for E®. Let
C = (f1, £, f3) where

fi=e;+e3+e3
fob=e;+Xe;, AeR

f3 = —e; + 282 — e3.
Recall that
1 1
sle=11 0 2
1 A -1

and that det g7 = 3 — 3\. Let A = 0 and B be an orthonormal basis. Give three reasons C is not an
orthonormal basis.

Question 2 Let B = (ej, e, e3) be an orthonormal basis for E3. Let Py: E3 — E3 be the linear
operator that maps

e — —eq; e — ey + (14 Nes; and ez — —2e; — ey + es.
(1) Write down the matrix of the linear operator Py with respect to the B basis.

(2) Calculate the determinant and the trace of Py.
Question 3 Let C = (f1, 5, f3) be another basis for E®. Let R, be the linear operator that maps
£ — —f; £y 1 pfy + fs; and f3 > —f) + £ + (2 + 1)fs.
(1) Write down the matrix of the linear operator R, in the C basis.
(2) Calculate the determinant and the trace of R,.

Question 4 There exists a pair of real numbers A and y € R such that P, and R, are the same linear
operator.
(1) Using the answers you have calculated so far, what are the possible values of A and u?

Hint: You should find a single value for \ and two possibilities for .
Question 5 The transition matrix 7', from basis B to basis C; and its inverse are given by

-1 1 0 -1 -1 -1
T=]10 0 1 and T7'=]0 -1 -1
0 -1 -1 0 1 0

(1) Using the value of A you calculated in Question 4, calculate the matrix for the linear operator Py
in the C basis; and deduce the correct value of p.

(2) Using the value of A you calculated in Question 4, can you specify a matrix with the same de-
terminant and trace as Py, but that is not the matrix of P, with respect to any orthonormal
basis?
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