MATH20222: Introduction to Geometry

Exercises 3

The exercises have been split into key and extra exercises: make sure you are comfortable with key
exercises first as they cover important calculations or key geometric concepts.
We expect you to spend approx. 2 hours on exercises, don’t worry about finishing them all.
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1 Key Exercises

Question 1 (1) Group the following bases into equivalent classes with respect to orientation. That
is, all bases in the same class must share an orientation and any pair in different classes must have
a different orientation.

Bl = (exueyvez) BZ = (ey7ezaem) Bd = (ey7em7ez)

By=(e; +ey,ey—ey,e;) Bs = (e, +e,,e; —ey,e;) Bs = (ex +ey,e;, —€y,€;)

(2) Using your answer to part or otherwise, determine which of the following linear operators
preserve the orientation and which change the orientation.

P :E - E? Pi(e;) = ey, Pi(e,) =e., Ps(e,) = e,
Py B = E? Ps(e;) = ey, Ps(ey) = e, Ps(e,) =e,
P;:E3 — E? Ps(e;) = e, + ey, Ps(ey) = e, — e, Ps(e,) =e,
P B > E? Pyi(ey) = e, + e, Pi(ey) = e, — ey, Ps(e.) =e,
P;: B3 - E? Ps(e;) = e, + ey, Ps(ey) = e, — ey, Ps(e,) =e,

_ o O

0 1
Solution. (1) p, T, = |1 0|. This has determinant 1 and so B; and B, have the same orientation.
0 0

010

B, I, = |1 0 O0f. This has determinant —1 and so B; and Bs have opposite orientation.
0 0 1
1 -1 0

I, = |1 1 0f. This has determinant 2 and so B; and By have the same orientation.
0 0 1

For the remaining transition matrices we can calculate them in the same way or we can note that
61T84 = BQTBr) = BaTBG'

Therefore By and Bs have the same orientation as each other and similarly, Bs and Bg share an
orientation.

Putting this together we find that the equivalence classes for these bases are

{81,32784,85} and {33785 }

(2) Notice the P; maps basis B; to basis Bs, thus the matrix of the linear operator [P] B, is the same
as the transition matrix g,75,. Using the determinant from part we see that P; preserves
orientation.

Similarly, the matrix of each linear operator P; in the basis 3; is the same as the transition matrix
B:18,,,- Again using the determinants from part We see that P» and P5 change the orientation,
whilst Py, P3 and P, preserve the orientation.

O

Question 2 Consider the matrices

For each matrix:
(1) find the eigenvalues A by finding the roots of the polynomial det(M — A\I),

(2) calculate the corresponding eigenvectors.
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Solution. The eigenvalues of A are the roots of the polynomial

5-x 1
det(A—)\IQ)det[ 4 5_)\}
= (25— 10X+ A2) —4= X2 — 10\ +21
=(A=7(A-3)

The eigenvalues are the values that this polynomial is zero, therefore A = 3,7.
Consider A = 3, the corresponding eigenvectors are the solutions to the equation

5 1] [x1] 1 2x1 +22=0
=3 = .
4 5 22 | ) 4x1 4+ 229 =0

We see [1,—2]T is a solution to this equation, and so the set of eigenvectors with eigenvalue 3 is

() -{[5] 1043}

Similarly, the eigenvectors with eigenvalue 7 are the solutions to

—2z1+22=0 T 1
= € span
41’1 + —2£E2 =0 Z2 2

The eigenvalues of B are the roots of the polynomial

2—A 0 0
det(B— M) =det | -1 3-\ 3
6 -6 —6—-A
3—A 3
—(2—)\)det[_6 —6—/\}

=(2- N\ +3))
=-AA=2)(A+3)
The eigenvalues are the values that this polynomial is zero, therefore A = 0,2, —3.
The computations for finding the corresponding eigenvectors are identical to the previous case. We
find that x is an eigenvector with eigenvalue A if:
A=0= x € span ([O, 1, fl]T)
A =2= x € span ([1, 1,O]T)
A=—-3= x € span ([0, 1, —2]T)

O

Question 3 Let B = (e, e3) be an orthonormal basis for E2. Recall that the reflection operator R in
the line spanned by e; has matrix
10
[R]B - [0 _1] .

Let x, = P,(e1) be the vector obtained by rotating e; by ¢. Let R, be the linear operator that is the
reflection operator in the line spanned by x.,.

(1) Write R, as a composition of rotation operators and the reflection operator R.

(2) Show that R, = Q2.
Solution. (1) We can perform the operator R, by
« rotating the line spanned by x, back to the line spanned by ey,
o performing the reflection R,

« rotating the line back to x,.
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Putting these operators together, we get
R,=P,0RoP_,.
(2) By writing [R,]4, we see that

Rl = [PololFlslP- ol |
cos ¢ _SW] [1 oHcoW smﬂ

(sinp  cosp | [0 —1] |—sinp cosy
_ [cosp  —sinp] [cosp  sing
o [sinp cosp | |sing —cosp

_ [eos? o —sin? 25sin  cos @
| 2sinpcosy —cos? ¢ +sin? ¢

[cos2p  sin2p

- | sin 2¢ —cos2gp} = [Q2els

therefore R, = Q2.
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2 Extra Exercises

Question 4 Let B be an orthonormal basis for E2, recall that P, is the operator that rotates by ¢.
Show the following identities for matrices of rotation operators in E2:

(1) [P-plp = ([Pelp)" = ([Po]p) ™"

(2) [Psa]B[PG]B = [P<p+9]5
Solution. Recall that

__|cosp —singp
[Pl = Lingp cos @ ]

(1) We first note that as [P,], is orthogonal, the transpose and inverse matrix are equal:

Now using the fact cos(—¢) = cos(y) and sin(—¢) = —sin(p), we have

__|cos(—p) —sin(—¢)| | cosp singp|
[Pels = sin(—p)  cos(—p) } n [—singp COS(IQ:| = (P])"-

(2) This can be solved via matrix multiplication and trigonometric identities.

cosp —singp

[P [Po] s = [sing  cosy ] [

cosf) —sinf
sinf)  cos®

[cos @ cos @ — sin psinf  sin pcos — cos psin @
|sin ¢ cos  + cos psinf  cos pcosf — sin psind

[cos(¢ +0) —sin(p+ 9)}
[sin(p +6)  cos(p +0)

= [Pgo—&-e]g

The geometric interpretation of this is the composition of two rotations by ¢ and 6 is the same as
rotating by the angle ¢ + 6.

O

Question 5 Let B = (e1,ez) be an orthonormal basis for E2. Consider the linear operators P;, P, on
E? defined by

Pl(el):el PQ(el):el_GZ
Pl(eg) =e; + ey P2(92) =€

(1) Write down the matrices for P;, Po. Which of them are orthogonal operators?
(2) Find all linear operators of the form P = aP; + bP, that are orthogonal (where a,b € R).

(3) For each orthogonal P, write it as either a rotation operator P, or a reflection operator Q.

Solution. (1)
e R

Neither operator is orthogonal as their matrices are not orthogonal, i.e., they do not satisfy M "M =
Is.

(2) Consider the matrix for P
R 1 0] [a+b a
[P]B_“{o 1}”[—1 1]_{4} a+b]

Exercises 3 Page 5




MATH20222: Introduction to Geometry

P is orthogonal if and only if [P], is orthogonal, i.e.

o | o A R A R PO

If (a — b)(a + b) = 0, then we have two cases a = b and a = —b.
If a = —b, then

P — P a=+1

a+b’+ad’=d’=1=a=+1=P= .
( ) —P1+P2 a:—l

If a = b, then

1 LP+LP a=+-
(a+b)2+a2—5a2—1:>a—:téP—{‘/gll ‘/512 \{5
\/5 —ﬁpl—ﬁpg a:—ﬁ

(3) Let P = P, — P,, then
[Pl = {(1) (1)] :
Note that det(P) = —1 and so P is of the form Q. Explicitly
e el R £
Similarly, P, — P1 = Q-x=.
Let P = —=P1 + =P, then

V5 V5 , )
Pls=| 3 f] .
Vs VB

Note that det(P) =1 and so P is of the form P,. Explicitly

2 1

2 L o -1

Vi = [CF)S(’O St ﬂ = ¢ = arctan <> ~ —26.6°
IRVCERYA S cosy 2

A similar calculation shows that —%Pl — %Pg = Pry, (although this requires a little care as

arctan has period 7).
O
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