MATH20222: Introduction to Geometry

Exercises 2

The exercises have been split into key and extra exercises: make sure you are comfortable with key
exercises first as they cover important calculations or key geometric concepts.
We expect you to spend approx. 2 hours on exercises, don’t worry about finishing them all.
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1 Key Exercises

A lot of these questions are key calculations; as a result we’ve made a lot of them available but do not
feel you have to attempt them all, especially if you are comfortable with the calculation.

Question 1 Let B = (e;, ez, e3) be an (ordered) orthonormal basis of E®. Consider the ordered set of
vectors C = (f, £, f3) defined by B via:

1) fi=ey, fr =€, f3=e3

(1)
(2) f; =ey, fy =€ + 3es, f3 = €3

(3) fi =e; —ey, £ =3e; — 3ey, f3 =3
(4)

4) f; = ey, f5 = e1, f3 = e; + e2 + Ae3z where A € R is an arbitrary coefficient.

For each set of vectors, write down the transition matrix from B to C. Is C orthogonal?

[Hint: You can use the transition matrices from Exercises 1,|Question 5
Solution. (1) From Exercises 1, |Question 3| we know that

slec =

O = O
O O =

0
0|, det(gTe)=-1
1

As (gT¢)"(sTc) = I3 holds, and the basis is orthogonal.
(2) From Exercises 1, we know that

sl = , det(BTc) =0

OO =

1
0
3

= O O

As the determinant is not equal to £1, it immediately cannot be orthogonal.

(3) From Exercises 1, |Question 3] we know that

1 3 0
gle=|—-1 -3 0f, det(BTc) =0
0 0 1

As the determinant is not equal to £1, it immediately cannot be orthogonal.

(4) From Exercises 1, |Question 3| we know that

Bgle = , det(gTe) = —A

o = O
O O =
D

C is not orthogonal - if we calculate (5T¢)T(5T¢), we see

0 1 1](0 1 O 2 1 A
1 0 1({|1 0 Ol=1|1 2 X| #Is.
0 0 Al 1 1 X AA A2

One could also notice this by considering the length of fs:

165l = V2442 > 1,

therefore C cannot be orthonormal as f3 is not unit length.
O

Question 2 Let B = (e, e,) be a basis for R?. Write down the matrix for the following linear operators
in the basis B.
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P:R? — R? Py:R2 — R?
(1) e; — 2ey (3) e, — 2e;+ey
e, — 3ey e, — —de, —2e,
PQ : R2 — RZ P4 : RQ — R2
(2) e, — eztey (4) e, — 2ey
e, = e;—ey e, — e;+2e

Solution. (1) [(2) g} (2) E 11} (3) E _;1] (4) B é]
0

Question 3 Let B,C be (ordered) bases of a vector space V. Show that the transition matrix ¢T from
C to B is the inverse matrix of the transition matrix g7¢ from B to C i.e.

cTs = (8Tc) .
Solution. We can solve this very quickly by using the transitivity property of transition matrices from

in the notes. In particular, we have that ¢T3 gTc = ¢T¢. The transition matrix from C to
C is just the identity matrix, therefore

cTs = cTpl, = cTpsle (8Tc) ™ = I.(sTc) ' = (8Tc) .
O

Question 4 Let B = (e,,e,,e;) be an orthonormal basis for E3. Calculate the determinant and trace
for each of the following linear operators:

P:R? — R? Py R?2 - R?
e, +— e;tey € = €y
(1) e, — e,+e; (3) e, — —€
e, — e;t+e, e, — —ey
Py:R? — R2 Py:R* — R?
2) e, = e;—ey (4) e, — 2e, — e, +e,
e, — e, —e, e, = —V2(e,+e,)
e, — e,—e, e, \/§e$+ey—ez
Solution. (1)
1 0 1
[Plg= {1 1 0 Tr(P) =3 det(P) =det [} 9] +det [} 1] =2
0 1 1
(2)
1 0 1
[Plg=|-1 1 0 Tr(P) =1
0o -1 -1

For the determinant we can notice that the sum of the rows is zero, and hence the matrix is
degenerate and det P = 0. Alternatively we can calculate the determinant directly: det(P) =
det[ 1 O] +det[o 1] =0

1 0 0
[Pslz=10 0 -1 Tr(P) =1 det(P) =det [ % '] = -1
0 -1 0
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[P4]B: -1 —v2 TI‘(P)Z—l

det(P) = v/2det [:g _11} +V2det {—11 :g} =V2(2v2) + V2(2v2) =8
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2 Extra Exercises

Question 5 Let {a,b,c} be vectors in E? such that a, b have unit length and are orthogonal to each
other, and ¢ has length v/3 and forms the angle ¢ = arccos % with a and b.

Show that {a,b,c —a — b} forms an orthonormal basis for E3.
Solution. a,b have unit length and are orthogonal to each other, we immediately have

(a, a) = (b, b) =1, (a, b) = 0.

We also know that as ||c|| = 1/(c, c) = /3, we see that (c, ¢) = 3. Furthermore, we can calculate (a, c)
via

1
a, c) = |lall|lc|cosp=1-V3- — =1.
(a, c) = [lal[[c] cos ¢ 7

We also get (b, ¢) = 1 via the same calculation.

To show {a,b,c —a — b} form an orthonormal basis, we need to show they have unit length and
are pairwise orthogonal. We know already a, b are orthogonal and have unit length. To see c —a — b is
orthogonal to a (and by a very similar calculation b), we get

(c—a—Db,a)=(c,a)—(a,a)—(b,a)=1-0—-1=0.
Finally, to check ¢ — a — b has unit length, we get
(c—a—b,c—a—Db)=/{c c)+ (a, a) + (b, b) + 2(a, b) — 2(a, c) — 2(b, c)
=3 414+14+2.0-2-1-2-1=1,
therefore |c|| = /(c, c) = 1. O

Question 6 Let C = (fi, fy, f3) be vectors of E3 such that each has unit length and they are pairwise
orthogonal with each other.

(1) Show that they are linearly independent.

(2) Show that C forms a basis for E3.
Solution. (1) We want to show A1f; + \ofs + A3f3 = 0 if and only if \; = Ay = A\3 = 0. Take the inner
product of )\1f1 + )\2f2 + /\3f3 with f13

<)\1f1 + Aofy + Asf3, f1> = )\1<f17 f1> + )\2<f2, f2> + )\3<f3, f1> =A-14+X-0+X3-0=0

implying Ay = 0. Taking the inner product with f5 and f3 gives Ay = A3 = 0, therefore (fi, f5, f3)
are linearly independent.

(2) Let B = (e1, ez, e3) be a basis for E?; we can write C in terms of B:

fi = an1e1 + aziex + azies a1 a1 a3
fo = a10e1 + axes +azpes & gl = |[az azx a3

f3 = a13€1 + az3€es + asses azr asz2 ass
By the notes, we know that C forms a basis if and only if rk(zT¢) = n. By the rank-nullity theorem:
I“k(BTc) + null(BTc) =n & null(BTc) = dim(ker(BTc)) =0,

therefore C forms a basis if and only if ker(gT¢) = {0}.
Let A = [Ae, A\s, A\y]T € ker(sT¢) be an element of the kernel of gT¢.

a1 a2 az| |1 Arai1 + Agag1 + Azas:
0=pgTcA= |a2 ax a23| |A2| = [Ai1a12 + A2a22 + Aza32
as1 asy asz| [As3 A1a13 + A2a23 + Azass

= My + dofo + Aafs.

As fy, f5, f5 are linearly independent, we must have Ay = Ay = A3, implying that the only element
of ker(gT¢) is the zero vector. This implies that C is a basis.
O
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Question 7 Let P: V — V be a linear operator acting on the vector space V and let B = (ey, ..., e,)
be a basis for V. Prove that for any v € V', the column vector representing the image of v in the B basis,
[P(v)]g, is given by the matrix multiplication: [P], [v]g.

You may use without proof the fact that matriz multiplication is linear: that is, for a matriz M,
column vectors v, w and scalars A, p the following holds:

M (M + pw) = AMv + pMw
Solution. Fix an arbitrary vector v = ZL 1 vie;. We have

<Z vlez> Z v; P(e;) (linearity of P)

therefore by linearity of the notation [—|, we also have

[mwm=§jmmmm

= Z vi[ Pl [ei]z ([P(e;)] is the i column of [P])
= [P, <z”: v;e] B) (linearity of matrix multiplication)
= [Pl4 viei>] (linearity of [—]p)

i=1 B
=[Pl v]s

O

Question 8 Let P be a linear operator acting on 2-dimensional vector space V and let B = (e,, e,) be
a basis for V, such that the matrix of P in the basis B is given by

5 —1
[P}B - {2 2 } :
Show that there is a basis C = (e, e,) such that the linear operator in the basis C is
4 0
[P]C - [O 3} .
Hint: The second matriz means that P(e,) = 4e, (it is an eigenvector). Use this fact to equate [P(e, )]
with [4e,] .
Solution. The second matrix tells us that P(e,) = 4e,. We can write e, in the B basis: e, = \e, + pey.
Then
29N B _ I R Y P N P )
] = s = (Pl = 1Pafeds =[5 5] ] =[50 4]
SO A = L.

Similarly we see that P(e,) = 3e,, and if e, = ae, + e, we have

3al (5 —1| |a| _ [ba—p
38| 12 2|8 |[2a+28
s0 2cc = 5. We have two degrees of freedom to choose the basis, one such choice is C = (e, +e,, e, +2e,).
The transition matrix gTc = [} 3], with inverse [ % 7'] and we may check that

e e R s | R

Question 9 Let B = (e,, e,) be an orthonormal basis for 2-dimensional Euclidean space E2.

(1) Consider the following alternative bases:
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(a) Cia = (2, —e,) (b) Cio = (22734, 275%)

In each case write down the transition matrix from B to Ce and calculate the transition matrix
from Co to B.

(2) For each of the linear operators and from question calculate the matrix for

the linear operator in each C basis above.
Solution. (1) Using the fact that ¢T5 = sT¢ "

10 10
(a) 8Te,, = [0 _1] ¢ = [0 _1]
1 -1 11
(b) sTe., = 75 {1 1 } cwTs =5 [1 1}
2) (a)
11z = G Vil 5 57 ey = G izl s 57y

“lo S 4 o AL A Y
53 -4

[G@:TB [BBT [q@:TB [BBT

SRR 1R |

L) ;o))
_ [5/2 1/2} _ [ 1 1}
L2 /2 -1 -1

Question 10 For each linear operator in |Question 4

(1) Determine if the operator is orthogonal or not.

Note: It may be useful to recall a fact we learnt about the determinant of an orthogonal operator.

(2) For A € R define the scaled linear operator S: E3 — E3, by S(v) = AP(v). Determine the values
of A (if any exist) such that S is an orthogonal operator.
Solution. (1) The determinant of an orthogonal operator is either 1 or —1, so we can see immediately

that , and are not orthogonal operators.
For we can check if the matrix of the linear operator in the orthonormal basis B, is an
orthogonal matrix.

L[t o o]0 o0
RalslAells =10 0 —1{ (0 0 —1| =1
0 -1 0f[0 -1 0

Since the product gives the identity, is an orthogonal operator.
(2) If is orthogonal then the inner product <(e$), (ey)> =0, but

<(ez), (ey)> = <)\(em), )‘(ey)>
= (e, +e, e, +e,)=\.

Thus if (Sry)(ex), Smy(ey)) = 0, we would necessarily require A = 0. Since the zero linear operator
is never orthogonal we see that is not orthogonal for any choice of A.
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The operator is degenerate, thus the scaled version is also degenerate. It is therefore not
orthogonal for any A € R.

The operator is orthogonal. Tt is easy to see that — is also orthogonal, but for any other
choice of A the determinant would not be £1. Thus is orthogonal for A € {1,—1}.

The operator has determinant 8 and the determinant of = A3 det , thus the only
possible choices for A are £1/2. Setting A = 1/2 we see that

vz 0 e [z —lp 1p

[SalslSmls = |- —Yvz Y 0 -2 —v2| =1
B B 1h =13 —1p| [tz 1fp —1f

Similarly for A = —1/2, so is orthogonal for A € {1/2, -1/2}.
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