MATH20222: Introduction to Geometry

Exercises 1

The exercises have been split into key and extra exercises: make sure you are comfortable with key
exercises first as they cover important calculations or key geometric concepts.
We expect you to spend approx. 2 hours on exercises, don’t worry about finishing them all.
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1 Key Exercises

Question 1 Consider the following vectors in R?:

R ]

(1) Show that {e;, ey} is a basis for R
(2) Show that {a, b} is a basis for R.

(3) Show that {e;, b} is not a basis for R.
Solution. For each pair of vectors, we have to show they are linearly independent and span R2.

(1)
1 0 A 0
e + ey =0 = )\ |:0:| + Ao |:1:| = |:>\;:| = |:0:| = A =X=0

Therefore they are linearly independent. For any arbitrary vector x = (1, 2)" of R?, we can write
it as

1 0
X =T1€1 + T2€e2 =T [O} + T2 [J )

therefore {e1,es} span R2.

5 ) + 3\
Ma+ Aob = 0= A M W m _ [ 1313 2} _ [8}

The second coordinate gives A\; = 0 and therefore Ao = 0, and so they are linearly independent.
For any arbitrary vector x = (x1,22)" of R?, we can write it as the linear combination

2 3 |71
x
:>>\1:§2’)\2:7:7_7’

therefore {a, b} span R?.

1
)\161 + )\Qb =0= )\1 |:O:| + )\2 |:g:| = |:)\1 —53)\2:| = |:(O):|

This holds for \; = 3, Ay = —1, therefore we have a linear dependence with non-zero coefficients
and so they do not form a basis.

O

Question 2 State whether each of the following maps (—, —) define an inner product on R3. [where
x = (21,22, 23) T,y = (y17y2,y3)T~]

(1) (x,y) = 2151 + T2y2
(2) <X> y> = x1Y1 + 3x2ys + Dr3ys
(3) <X7 Y> = T1Y2 + Ta2Y1 —+ r3Ys3

Solution. (1) (—, —) is not an inner product as it is not positive definite. To see this, (x, x) = 23 + 23,
which is zero for certain non-zero vectors, such as (0,0, —1)T.

)

(2) (=, —) is an inner product. We need to check symmetry, linearity and that it is positive definite.

(X, y) = z1y1 + 322y + 5x3ys = Y121 + 3y222 + Sy3w3 = (Y, X),
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and so symmetry holds.

(AX + py, z) = (Az1 + py1)21 + 3(Az2 + py2)22 + 5(Axs + pys)zs
= /\($1Z1 + 3x029 + 5.7332’3) + u(ylzl + 3ya20 + 5:1/323)
= \x, z) + 1{y, 2z)

and so linearity holds. Finally
(x, x) = 22 + 322 + 522 > 0

is greater than or equal to zero for elements x € R?. Furthermore, there is equality if and only if
2?2 = 323 = 523 = 0, which only occurs for x = 0. Therefore positive-definite also holds.

(3) (=, —) does not define an inner product as it does not satisfy positive definiteness:
(x, X) = 2179 + T3

takes negative values at x = (—1,1,0)T.
O

Question 3 Let B = (ej,eq,e3) be an (ordered) basis of E3. Consider the ordered set of vectors
C = (f1,£5,f3) defined by B via:

(1) fi=eqs, fr =€, f3=e3

(2) fi =e1, o =e; + 3e;, f3 = e;3

(3) fi = e; —eq, fs =3e; — 3eq, f3 = €3

(4) f; = eq, f2 = ey, f3 = e; + €2 + Ae3 where X € R is an arbitrary coefficient.

For each set of vectors, write down the transition matrix from B to C. Is C a basis?
Solution. (1)

slc =

O = O
O O =

0
0 y det(BTc) =-1
1

The transition matrix has non-zero determinant, and so C is a basis. Moreover, we see (57¢) " (51¢) =
I35 holds, and so the basis is orthogonal also.

1 10
Blc=10 0 0
0 3 1

, det(sTe) =0

As the transition matrix has determinant zero, C is not a basis. One could also note that the rank
must be < 2 as g7 has a row of zeros.

1 3 0
gle=|—-1 -3 0f, det(BTc) =0
0 0 1

As the transition matrix has determinant zero, C is not a basis. One could also notice the first two
columns are proportional, and so there is a linear dependence between fi, fs.

01 1
BTC =11 0 1 y det(BTc) =-A
0 0 A

The transition matrix has nonzero determinant whenever A # 0, and so C forms a basis when this
occurs.

O
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2 Extra exercises
Question 4 Consider the sets of polynomials
V={a’+bx+c | abceR}, T={2>+pr+q | pqgeR}

with the natural operations of addition and multiplication of polynomials. [You may assume these
operations satisfy commutativity, associativity and distributivity.)
(1) Which of these are vector spaces (over R), and why?

2

(2) Show the polynomials 1, x,z* are linearly independent in V.

(3) Calculate the dimension of V.
Solution. (1) T is not a vector space, as the sum of any two polynomials does not belong to T e.g.
2?2 +a?=222¢T.
V is a vector space. Let f = agx? + a12 + ag, g = box® + bz + b+ 0, to see the remaining axioms
hold:

o (Zero) Setting as = a; = ag = 0 gives f = 0 as the zero element.

(Unity) Clearly 1- f = f.

« (Additive inverses) For f, the inverse polynomial is —f = (—a2)2? + (—a1)x + (—aqg).
(Additive closure) The sum f + g = (ag + b2)2? + (ay + by)x + (ag + bp) is contained in V.
(Multiplicative closure) A - f = (Aaz)x? + (Aay)z + (Aag) is contained in V for any choice of

AeR.

(2) Suppose 1,z, 2% satisfy an identity

co-l+eci-24+c-2°2=0=0-1+0-2+0-22)

for some choice of ¢y, c1,co € R. Equivalently, the polynomial P(z) = ¢y + c1z + cox? equals zero
for all choices of x. Testing this on the values x = 0,1, —1, we see
P0)=cyp=cp=0
Ply=c+c=c=—c
P(-1)=—-c1+ca=c1 =c
=cp=c1=cy=0

Therefore the only linear combination between {1, x, 22} equal to zero is when all coefficients are
zero, and so they are linearly independent.

(3) {1,z,22} are linearly independent and span V, therefore they form a basis. Therefore dim(V') = 3.
O

Question 5 Let {aj,...,a,,} be vectors of a vector space V. Show that if at least one of the vectors
is equal to 0, then they are linearly dependent.
Solution. Without loss of generality, let us say a; = 0. We can pick any arbitrary real A # 0 such that

Aaj+0-as+---+0-a, =0.

As we have found a linear combination where not all coefficients are zero, these vectors are linearly
dependent. O
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