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Introduction

Welcome to Introduction to Geometry at the University of Manchester!
This semester we’ll be going through a ton of various stuff in order to
get you better equipped with some tools in geometry. These notes are
designed to better help you learn the material and guide you through

the course.

How to use these notes: These notes are different than most maths
class notes. They have holes and gaps in them; they are missing infor-
mation! These are the notes that we will be using in our class lectures
(literally) and so it should help you follow along. The purpose of these
notes is so that you don’t have to write everything down; you only need
to fill in the gaps giving you more time to listen to lectures and better
understand the material. If you need to add extra notes, there is tons
of room in the margins, use them! These are YOUR notes. We’ve also
added links to Wikipedia in case you want another reference to the terms
and definitions we go over. If you feel using these notes would hinder
your learning experience, then please use another system. The point is
to learn; so use whatever works best for you.

Before starting a lecture we’d recommend quickly glancing over the
notes ( 5-10 minutes) in order to get a brief idea of what we’ll be covering
in class. Remember to review these notes periodically so that you don’t
forget terms and examples.

Good luck, we believe in you!

-Aram & David
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Week 1

1 Euclidean vector spaces

To begin doing geometry properly, we will need to recall quite a few
notions from linear algebra. Note that we will be recalling many results

from linear algebra, and therefore will not repeat proofs.

1.1 Vector spaces and basis vectors
1.1.1 Definition of a vector space

We denote the set of real numbers by R. Informally, we think of a vector

space as a set of vectors such that

e adding two vectors together gives us another vector in the vector

space,

o multiplying a vector by a real number (or scalar) gives another

vector in the vector space.

Definition 1.1 (Vector space) A wector space (over R) (V,+,-) is a
set of vectors, along with an addition operation + and a multiplica-
tion operation - satisfying the following axioms for all a,b,c € V' and
ApeR:

o (Additive closure) a+b €V,

o (Additive commutativity) a+b =b + a,

o (Additive associativity) (a +b) +c =a + (b + ¢),

o (Zero) 30 € V such that Va € V, a+ 0 = a,

o (Additive inverses) Ja—' € V such that a +a ! = 0,
o (Multiplicative closure) A\-a €V,

o (Multiplicative associativity) (Au) -a =X- (u-a),

o (Distributivity) - (a+b) =X-a+ A b,

o (Distributivity) (A +p)-a=X-a+pu-a,
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e (Unity) 1-a=a.

Remark 1.2 We will denote vectors by writing them bold in the notes,
or underlining them when writing. This is particularly necessary when
we have to distinguish between 0, the real number, and 0, the zero

element of the vector space.

Example 1.3 The most natural example of a vector space (over real

numbers) is the space of ordered n-tuples of real numbers:
R" = {(z1,22,...,2,)" | @1,...,2, € R} (1.1)

where (—)" denotes the transpose.
Let x,y € R" be two vectors where for x = (z1,...,2,)7,

y = (y1,...,Yn)", we define addition as
X+y= (Tl F Y, T+ y'n,)T

and multiplication by scalars A € R as

Aex=(Axy, .o, Aay)'

Remark 1.4 When defining this vector space we have a choice between
row vectors and column vectors. Here, and throughout these notes, we
will use the convention of column vectors; this is chosen so that matrices
multiply on the left of vectors: Mx, mirroring the idea of functions being
denoted on the left: f(z).

1.1.2 Linear dependence
As vector spaces are closed under addition and scalar multiplication, we

will often want to consider linear combinations of vectors:

m
Z AiX; = X1 + AaXo + -+ ApXom, (12)

i=1

where \; € R are scalars (real numbers) and x; € V are vectors from

the vector space V.

Definitions 1.5 (Linear dependence and independence) The vectors

{x1,X2,..., X} in vector space V are linearly dependent if there exist
m scalars Ay, ..., A\, € R (not all equal to zero) such that
)\1X1 + )\2X2 + -4 )\m,Xm =0 (13)

If the vectors are not linearly dependent, we say they are linearly inde-

pendent.
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Note We have to demand not all of our scalars be equal to zero, oth-

erwise (1.3) is true for every set of vectors.

There are a couple of equivalent definitions of linear independence
and dependence that can be more useful in practice. A set of vectors

{X1,X2,...,Xm} are linearly independent if and only if
(X1 + paXa + - + X = 0 if and only if iy = pg = -+ = i, = 0)
The following proposition gives a useful definition of linear dependence.

Proposition 1.6 The vectors {x1,Xa,...,Xm} are linearly dependent
if and only if at least one of these vectors can be expressed as a linear

combination of other vectors

Xi:Z/\ij, A]’ER
J#i

1.1.3 Basis and dimension of a vector space

As vector spaces are closed under addition of vectors, we would like to
find a small set of vectors such that we can write any vector as a linear
combination of vectors in this set. This leads to the notion of a basis.
Given a set of vectors x1,...,X,, € V, we define their span to be
the set of all vectors that can be written as a linear combination of

XiyeooyXm, B-€,

span(xi, ..., Xm,) = {er | y:Z/\ixi,/\ieR}. (1.4)
i=1

We say the vectors span V if span(xy,...,x;,) =V.

Definitions 1.7 (Basis and ordered basis) A set of vectors

{e1,...,e,} C V form a basis of V if they are linearly independent and

span V. A tuple of vectors (e, ..., e,) form an ordered basisif ey, ..., e,

form a basis as a set.

Example 1.8 Let V = R? be a vector space and suppose we have the

following two vectors:

Show that they form a basis.
To show that they form a basis we must show two things: that the

vectors are linearly independent and that they span all of V.

Page 3

Wikipedia: span

Wikipedia: basis


https://en.wikipedia.org/wiki/Linear_span
https://en.wikipedia.org/wiki/Basis_(linear_algebra)

Simon Peacock and Ben Smith MATH20222: Intro to Geometry

For linear independence we must show that whenever

0
Are; + Ageg = [01

then we have A\ = 0 and Ay = 0. Calculating the above we have:

A1 0
Are1 + Aoeg = + =
o= |

From the first equality we have \; = 0 and from the second we have

A
A1+ 2

0= +2 =22 =X

Therefore our vectors are linearly independent.
To see if they span all of V then let [} ] be an arbitrary vector. In a

similar manner we want to find A\; and Ay such that

Aeq + Aoey = ’
Y

is true. From above we know

A1
A1+ 29

x
= \1e1 + Asey =
Y

and therefore we have \{ = z and

Y= 420 =+ 2\ = % —
Therefore, the two vectors span all of V. This implies that (eq,ez) is a
basis of V.

The difference between basis and ordered basis is a subtle, but im-
portant one. In a tuple, the order in which we list the element matters,
whereas order does not matter as a set. For example, the sets {e1, ez}
and {e;, e} are the same, whereas the tuples (ej,e3) and (eq, e;) are
not the same.

The following theorem highlights why bases are hugely important

objects for describing vector spaces.

Theorem 1.9 A set of vectors {ey,...,e,} form a basis for V if and
only if any vector x € V' can be expressed uniquely as a linear combina-
tion
n
X = Z)\Z-ei, N ER
i=1
Remark 1.10 The most important word in this theorem is uniquely:

there is precisely one expression for x. This does not hold if our vectors
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are not linearly independent. If we take a set of vectors x1,...,X,, that

span V', we can express any x € V as some linear combination

Z)‘ixi =\xX1 4+ + AnXm = X.

i=1

However, if {x1,...,X,,} don’t form a basis, they must be linearly de-

pendent and so there exists some choice of scalars p; € R such that
m
Z/Jixi =mx1+ -+ Xy = 0.
i=1

m . . .
Now we can deduce )", A\;X; is not a unique expression for x, as we

can write

m m m

Z()\, + pi)x; = Z X, + Z/z,,,;x,,; =x+0=x.
i=1 i=1

i=1

We say “a basis” of a vector space rather than “the basis” as a vector
space has many different bases. However, every basis of a given vector
space has the same size: if {e1,...,e,} and {fi,...,f,} are both a
basis of V', then n = m. This invariance is what leads to the notion of

dimension.

Definition 1.11 (Dimension) The dimension of a vector space V is

the size of a basis for V.

Example 1.12 (The canonical basis of R™) Recall from (1.1) the vector
space
R"™ = {(a:l,w27...,xn)T | z1,...,2, € R}.

Consider the vectors e, es,...,e, € R™:
0 0 0
0 0
e = €y = 0 €3 = 1 e, = 0 (15)
0 0 0 1

One can check that these vectors span R™ and are linearly in-
dependent, therefore they form a basis for R™. For any vector

a=(ay,...,a,)" € R" we can express it as a linear combination of
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eq,...,e, as follows:
ay 0 0 1 0 0
0 as 0 0 1
a =|0{+]|0|+---4+]0|=0ay|0] +ax |0 +---+a, |0
0 0 an 0 0 1
=aje; +azes + -+ ape, =y i, a;€;

This basis is called the canonical basis of R™: it is not the only choice
of basis, but it is the most natural due to how simple it is to express

vectors in it.

Remark 1.13 While all vector spaces we consider will be finite dimen-
sional, some vector spaces have a basis that consists of infinitely many
basis vectors. An example of an infinite-dimensional vector space is the

space of polynomials in one variable,

Rlz] = {a() + a1z + asx® + aza® + - - - | a; € R} .

This is indeed a vector space and has the basis {1, 2, 2%, 2%, ... 2" ... }.

There are infinitely many elements in this basis, therefore R[x] is infinite-

dimensional.

2

Exercise 1.14 Check R[z] is a vector space and {1,z,2%,23,...} is a

basis - do not be put off by the word infinite!

1.1.4 Change of basis and transition matrices

Vector spaces do not have a unique choice of basis, there are many choices
of basis. Furthermore, if we need to change from one basis to another,
we would like to do it in a controlled way. This is where transition
matrices are useful.

Let B = (e1,eq2,...,e,) be an arbitrary ordered basis of an n-
dimensional vector space V. Once this basis is fixed, we can represent
any vector x € V as a column vector, or an n X 1 matrix, in the following
way:

X
x=x1€ +- - -+zpe,= | : |,z €R
T,
Note that it is very important that the basis be ordered to do this, as
the ordering is what determines which entry corresponds to which basis
vector.

Suppose we have an ordered set of n vectors C = (fy, ..., f,) of V.
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As B is a basis, we can write f; as

fi=a1e1+ - -+anen= 1| |,ar; €R

An,i

We can concatenate these n column vectors together to get an n x n

matrix gTe:
£, P £,
a1,1 R <3 Y A ¢ 5
a1 -t Az ot A2n
an,1 o Qp i o An.n

The matrix gT¢ tells us how to represent the ordered set of vectors C
in terms of the basis B.

We would like to know when this new set of vectors C forms an

ordered basis. The following proposition states we can find this out

using only properties of gT¢.

Proposition 1.15 Let B be an ordered basis for the n-dimensional
vector space V. An ordered set of n vectors C form an ordered basis of
V' if and only if (TFAE)

e the matriz gTc has rank n
o det(gTc) #0, or
o gl1e¢ is invertible.

Sketch of proof. This proposition is a consequence of the rank-nullity
theorem from linear algebra. Suppose the rank of g7 is less than n;
by the rank-nullity theorem this occurs if and only if the nullity of gT¢
is greater than zero. This is equivalent to there being a nonzero vector
A= (A1, ..., Ay)" in the kernel of gTg, i.e.,

BTeA = Mifi + -+ Ao f,, = 0.
This gives a linear dependence on (fi, ..., f,), therefore they do not

form a basis. O

Recall that a matrix M such that det(M) # 0 is called nondegenerate

or nonsingular.

Definition 1.16 (Transition matrix) The n x n nonsingular matrix

sTc that describes an ordered basis C = (fy, ..., f,) in terms of the
ordered basis B = (eq, ..., e,) is called the transition matriz from B to
C.
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Example 1.17 Consider the matrix

N

I
o O =
S > W
w ot

where A € R is an arbitrary parameter. Let (ej, ez, e3) be an ordered
basis of V. What ordered vectors does T" map this ordered basis to? Is
it an ordered basis as well?

The matrix 7" maps this ordered basis to the ordered vectors
(el, 361 + )\eg, 761 + 562 + 365)

By Proposition 1.15, this forms an ordered basis for V if and only if
0 # det(T) = 3\. Therefore (e1, 3e; + Aes, Te; + 5eq + 3es) forms an
ordered basis for any A € R\ {0}.

Remark 1.18 We stress the importance of considering B and C as
ordered bases: without the ordering, we do not know which vectors of
B get mapped to C. For example, the ordered bases B = (e, e3) and
C = (eq,e1) of a 2-dimensional vector space V are equal as bases, but

not as ordered bases. The transition matrix that reverses the order is
0 1
1 0|

As ordering is key for working with transition matrices (and other ma-

slc =

trices later on), we will only consider ordered bases for the remainder
of the course. Therefore we shall mostly drop the prefix “ordered”. We
shall continue to use round brackets to denote a tuple or ordered set of

basis vectors, rather than a set.

1.2 Euclidean vector spaces
1.2.1 Inner products

Much of the geometry we learn at school is centred around distances
and angles. We can give vector spaces some additional structure so that
we have some notion of distance and angle. The key to this is an inner

product.

Definition 1.19 (Inner product) An inner product (or scalar product)

on a vector space V (over R) is a function
(=, =) :VxV SR

that maps two vectors to a scalar satisfying the following conditions for
all x,y,z € V and for all A\, u € R:
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* (symmetry) (x, y) = (y, %),
. (linearity) (x + uy, 2) =Ax, 2) + u(y, 2)
o (positive-definite) (x, x) > 0 with equality if and only if x = 0.

Definition 1.20 (Euclidean vector space) A Euclidean vector space is

a vector space over R equipped with an inner product.

The connection between inner products and notions of distance and

angle is emphasised in the following example.

Example 1.21 The vector space R™ can be viewed as a Euclidean

vector space via the inner product
<X, y> =T1Y1+ -+ Tuln (16)

This is sometimes called the canonical inner product, or the dot product.

Exercise 1.22 Check that the canonical inner product is an inner

product.

Example 1.23 Consider a 2-dimensional vector space V with basis
{e1,e2}. We define the inner product (—, —) such that (e1, e;) = 3,
(eq, €2) = 5 and (e1, ez) = 0. What is the inner product for any two
vectors?

Using the symmetry and linearity axioms, we can determine the value
of the inner product for any vectors. Explicitly, for x = x1e; +x2e5 and

Y = y1e1 + y2es with x;,y; € R, their inner product is given by

(x, y) = (181 + 2202, Y181 + Y2€2)

= ri(e1, y1e1 + y2e2) + T2(e2, y1€1 + y2e2)

= z191(€1, €1) + T1y2(e1, e2) + zayi(es, e1) + ray2(es, ez)

= 3z1y1 + S2ys.

Example 1.24 Consider the following nonexample of an inner product
defined on V. We define (—, —) such that (e, e;) = (eq, e2) = 0 and
(e1, e3) =. Is this an inner product?

A similar calculation to the previous example shows
(%, y) = T1y2 + 21

However, if we consider x = e; — ey then z1 = 1, 2o = —1, y; = 1,
and y, = —1. We have that (x, x) = —2 < 0 and therefore positive

definiteness doesn’t hold.

Page 9

Wikipedia: dot product


https://en.wikipedia.org/wiki/Dot_product

Wikipedia: norm

Wikipedia: Euclidean norm

Wikipedia: orthogonal

In the case of Fuclidean vector
spaces, two vectors are orthogo-
nal if and only if they are perpen-
dicular: the angle between them
is a right angle. Orthogonality is
a generalisation of perpendicular-
ity to any vector space.
Wikipedia: Perpendicular

Simon Peacock and Ben Smith MATH20222: Intro to Geometry

1.2.2 Geometry of Euclidean vector spaces

We'll now use the definition of inner product to reconstruct certain geo-
metric concepts of Euclidean vector spaces. Throughout we let V' be an
n-dimensional Euclidean vector space.

Let x € V, we define the length (or magnitude) of x to be
x| = v/ {x, x).

We remark that the formula for length does not depend on a choice
of basis: we can change basis freely and the length of a vector stay the
same. Note that when (—, —) is the dot product, our definition of length
agrees with the standard definition of length from Euclidean geometry,

i.e.,

The map ||-]| : V — R is an example of a norm, a way of defining
distance on a vector space. Length is called the Fuclidean norm as it
is the norm associated with Euclidean space. However, there are many
more ways of defining distance on a space, and so there are many more
norms one can define.

We can also use the inner product to define the angle between two

vectors x,y € V. Explicitly, the angle # between x,y is defined by

(x, y)
cos(f) = — . (1.7)
[yl
In particular, we can use the inner product to quickly infer general be-

haviour about the angle:
e (x,y)>0if and only if 4 is acute,
e (x,y) <0 if and only if § is obtuse,
e (x,y)=0if and only if x,y are orthogonal.

This last case will be of particular importance in the following section.
Similarly to length, setting (—, —) to the dot product recovers the
identity
x -y = [[x][[lyll cos(6)

and so our definition of angle agrees with the standard definition from

Euclidean geometry.

Remark 1.25 As cos(f) = cos(—6), the inner product only defines
angles up to sign. The intuition behind this is there is no good notion
of what is a positive or negative angle. You may choose for angles to be

measured “clockwise”, but there is no good reason why you shouldn’t
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choose “anti-clockwise”. This issue will be dealt with in Subsection 1.5

when we discuss the orientation of a vector space.
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early dependent.

Week 2

1.3 Orthonormal bases
1.3.1 Orthonormal bases

Consider the canonical basis in R?2. We learn to use the canonical ba-
sis at a young age, whether it is plotting graphs at school or playing
Battleships. But why this basis, what makes it special? It satisfies two

properties that we often take for granted, but are incredibly useful:

e each of the basis vectors has unit length,

« the basis vectors are orthogonal (or perpendicular) to each other.

We would like to restrict ourselves to using bases that also have this

property. This leads to the notion of an orthonormal basis.

Definition 1.26 (Orthonormal basis) Let (eq, ..., e,) be a set of

vectors of an n-dimensional vector space V' such that

1 if i=j
(ei, ej) = dij = L (1.8)
0 if i#j
where §;; is the Kronecker delta function. We call (eq, ..., e,) an or-

thonormal basis of V.

Remark 1.27 Note that Definition 1.26 does not require the vectors to
form a basis. In fact, one can check that any set of n vectors satisfying

condition (1.8) must form a basis .

Example 1.28 Recall the Euclidean vector space with canonical ba-
sis (1.5) (eq, ..., e,) and canonical inner product (1.6). It is quick to
check that (eq, ..., e,) satisfies condition (1.8) and therefore forms an

orthonormal basis.

What nice properties do orthonormal bases have? Once we have fixed
an orthonormal basis for our Euclidean vector space, the inner product

on that space reduces to the canonical inner product. To see this, let
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(e1, ..., e,) be an orthonormal basis for V. Then for any two vectors

n n . .
X= . %€,y = ijl y;e;, their inner product becomes

() = (X0 mien Y ey
- 2?7:1 TiYj (es, ej> (1.9)
n Iy :
= Zi,j:l TiYj0ij
= Z?:l LilYi-

Furthermore, we will can always find an orthonormal basis for a Eu-

clidean vector space.

Proposition 1.29 FEvery (finite-dimensional) Euclidean vector space

has an orthonormal basis.

As a result, we can choose to work only with orthonormal bases from
now on. We let E™ denote an n-dimensional Euclidean vector space with
orthonormal basis B = (eq, ..., e,) (and therefore the canonical inner

product under this basis).

1.3.2 Orthogonal matrices

Suppose that B is an orthonormal basis of E™. What is the condition
on the transition matrix that an ordered set of vectors C also forms an
orthonormal basis? The answer to this question is when the transition

matrix is orthogonal.

Definition 1.30 (Orthogonal matrix) An nXxn matrix M is orthogonal
matriz if its product with its transpose is equal to the n x n identity
matrix:

M™M = 1I,. (1.10)
Remark 1.31 If M is orthogonal then det(M) = +1. This holds as

1 = det(I,) = det(MTM) = det(M ") det(M) = det(M)?
= det(M) = £1

(using some properties of the determinant we shall recall in Subsubsec-
tion 1.4.2). In particular, the determinant is always non-zero and so it

is a transition matrix from one basis to another.

Proposition 1.32 Let B = (ey, ..., e,) be an orthonormal basis
of an n-dimensional Euclidean vector space V. The set of wvectors
C = (f1, ..., £,) form an orthonormal basis if and only if the transi-
tion matrixz gTe is an orthogonal matrix.

Proof. Denote the (4, j)-th entry of gT¢ as (g1c)i,; = a;;. We can write
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the inner product of f;, f; as follows:

n n
(fi, £;) = <Z ak,;€ek, Za47jeg> (by defn. of transition matrices)
k=1 =1

n
= Z ak,iae i€k, ) (by linearity of inner products)
k=1

n
= E Ak,iCp, Okt (as B is orthonormal)
k=1
n

Z Qg Q. j (nonzero only when k = £)

k=1
n
T
E i kOk,j

k=1
= ((8T2)" (8T¢))is

The vectors C form an orthonormal basis if and only if (f;, f;) = 4,5,
therefore if and only if ((57¢)"(87¢c))i; = 0ij. This condition is equiv-
alent to (g7¢)"(sTc) = I, i.e., the (i,7)-entry is 1 if i = j and 0
otherwise. Therefore (f;, f;) = d;; if and only if gT¢ is orthogonal. [

Remark 1.33 The set of n x n transition matrices (with matrix multi-
plication as the operation) form a group called the general linear group
GL(n,R). It can be checked that they form a group: in particular if
M,N € GL(n,R) then MN € GL(n,R) as det(MN) = det(M) det(N)
(see Proposition 1.46), both of which have non-zero determinant.

The set of n x n orthogonal matrices form a subgroup of GL(n,R)
called the orthogonal group O(n). Checking this forms a group is very
similar to GL(n, R).

1.4 Linear operators
1.4.1 Matrix of a linear operator in a given basis

Definition 1.34 (Linear transformation/operator) Let V and W be
real vector spaces. A map P: V — W is called a linear transformation
if

Px + py) = AP(x) + uP(y) (1.11)

for all A\, u € R and x,y € V. This property is commonly referred to as
linearity.
In the special case that V' = W we also refer to P as a linear operator:

a transformation that operates on a single vector space.

Let B = (ey,...,e,) be a given (ordered) basis for the vector space
V' and consider the action of the operator P on the basis vectors. The

image P(e;) of a basis element is in V' and hence there are coefficients
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Pk,i € R such that

Pl(e;) = Zpk:,viek:- (1.12)
k=1

Representing (eq,...,e,) as standard column vectors as in Subsubsec-

tion 1.1.4 this gives

P11 P12 Pin
P21 P22 P2.n

P(ei) = Plex) = | . P(e,) =
n,1 n,2 n,n

The column vector representing e; has a 1 in the i*" row and 0s
elsewhere. The result of a matrix multiplication by this vector is simply
the i*" column of the matrix. Thus, by concatenating these columns,
we have a matrix for which multiplication is equivalent to applying the

linear operator.

Definition 1.35 (Matrix of a linear operator) Let B = (ey,...,e,) be

a basis for a vector space V, and let P be a linear operator on V. The

matrix
P11 P12 -+ Pin
P21 P22 ... D2n
[P]B = . . . .
Pn,1 Pn2 --- DPnmn

determined by equation (1.12) is the matriz of the linear transformation
P in the basis B.

Notice that if the linear operator 1is invertible then
C=(P(e1),...,P(e,)) is a basis for V and the matrix of the lin-
ear operator coincides with the transition matrix from basis B to a
basis C.

Remark 1.36 A linear operator does not depend on a choice of basis,
however the matrix of a linear operator does require a choice of basis

since we are applying a linear operator to the choice of basis.

Example 1.37 Suppose that we have a vector space V with basis

B = (e1,e2). Let P be the following linear operator:

P(el) = e
P(eg) =e; + 282.

What is the matrix of P? Does P(B) define a basis?
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Then the matrix of P is the matrix:

[P]B: Ll) ;1

It can be checked that this matrix is invertible and this implies that

C = (e1,e1 + 2eq) is a basis and

[P]B = gTc.

We wish to consider linear operators, and vectors in general, in dif-

ferent bases. As such we shall introduce the following notation:

Notation 1.38 Let B = (eq, ..., e,) be a basis for a vector space V
and let v be a vector in V. We shall denote the column vector of v in

the basis B as follows:

U1
" V2
if V:E vi€; then [v]; =
i=1
U’L

Moreover this notation is linear (property (1.11)): that is, if

w =" w;e; is another vector in V and A, 1 € R are scalars, then

V1 w1
AVlg+uwlg=A1 1| +n
Uy, Wy,

Avy + pawy

Avy, + pwy,
= [AV+ uwlg.

Proposition 1.39 Let P: V — V be a linear operator acting on the
vector space V' and let B be a basis for V.. Then

[PVl = [Pls[V]s (L.13)

for all vectors v e V.

The proof of this proposition is left as an exercise.

We shall consider the effect of multiplication by a transition matrix

on column vectors in the given bases.
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Lemma 1.40 Let B= (e1,...,e,) and C = (f1, ..., f,) be two bases
for a vector space V.. Let T = gT¢ be the transition matrixz from basis B
to basis C and let v e V. Then

Vlg = Tlvle (1.14)

Proof. Since T = gT¢ then (by definition) the i*" column of T is [f;],.
Thus

[fZ]B =T |1] " row = T[fz]c

0

We have proven the result whenever v € C, but we wish to prove

the equality for a general v = Y v;f; € V. This follows by linearity
(property (1.11)):

Tvle =T (nlfile + -+ valfulc)

Lemma 1.41 Let B,C,D be three bases of a vector space V. Then

8Ip = plc cTp.

Proof. Lemma 1.40 states that

[vlg = 8Tc [V]e

= pTc ¢Tp [V]p

but this property applied to vectors in the basis D defines gTp. O

Lemma 1.42 Let B,C be bases of a wector space V. Then
T = (8Tc)".
The proof is left as an exercise, see homework 2.

The lemmas above gives us a way to translate between column vectors
in one basis to column vectors in another basis. Using these ideas we
can translate from the matrix of a linear operator in one basis to the

matrix of the same linear operator in another basis.

Proposition 1.43 Let P be a linear operator acting on a vector space
V. Let B=(e1,...,e,) and C = (f1, ..., £,) be two bases for V. Let
T be the transition matrix from basis B to basis C.

Then [P], = T‘l[P}BT.
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Proof. The i*™ column of [P], is defined to be [P(f;)],. We have that

[P(£)], =T 'P(£:)]s (Lemma 1.40)
=T '[Pglfil
=T 'P)gT[fi]., theih column of T71[P],T. O

Remark 1.44 This proposition demonstrates that the matrix for a
linear operator is not determined by the linear operator alone and a
choice of basis must be made.

1.4.2 Determinant and Trace of linear operator

We recall the determinant of a matrix for completeness.

Definition 1.45 (Determinant of a matrix) Let M be an n X n matrix.

The determinant of a matrix is defined as
det M = Z (sgn(a)H(]\J)i)U(i))
o€eSy i=1
where S, is the group of permutations on the set {1,...,n}.

However, we shall mostly be concerned with 2 x 2 and 3 x 3 matrices

and so we also recall the specialised version of this definition to these

cases:
.
det [a =ad — bc (1.15)
¢ d]
a b ¢ 4 J
det [d e f| =adet ¢ f — bdet f + cdet ¢ (1.16)
hoi h i g i g h
g [

We also recall (without proof) the following facts about the determinant:

Proposition 1.46 For all n x n matrices M and N, the following
properties hold:

(1) M is invertible if and only if det(M) # 0;
(2) det(MN) = det(M) det(N);

(3) det(MT) = det(M);

(4) det(AM) = N det(M) for all scalars A € R.

Notice that because the determinant of the identity is 1, property (2)
of the lemma above immediately implies that if M is invertible then
det(M~1) = (det M)~ 1.

Next we introduce the trace of a matrix.
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Definition 1.47 (Trace of a matrix) Let M be an n x n matrix. We

define the trace of M to be the sum of the diagonal elements
TrM =Y (M),
i=1

We shall state without proof several useful properties of the trace

map.
Proposition 1.48 The trace map satisfies the following properties:
(1) Tr(M 4+ N) = Tr(M) + Te(N) for all n x n-matrices M and N;

(2) Tr(AM) = A Te(M) for all matrices M and scalars A € R;

(3) Te(MN) = Tr(NM) for any m X n-matriz M and any n x m-

matriz N .
Remark 1.49

« Notice that together, properties (1) and (2) of the above proposi-

tion mean that trace satisfies linearity.

e As an aside we also remark that any map that takes matrices
to scalars satisfying the properties in Proposition 1.48 must be a

scalar multiple of the trace map.

Proposition 1.50 Let P be a linear operator on the vector space V.
Let B and C be two bases for V. Then

det([P]z) = det([P].) and Tr ([Plgz) = Tr ([P],).

Proof. Let T be the transition matrix from basis B to basis C.
det([P].) = det(T~'[P]zT)

= det(T") det([P]y) det T
= (det T) " det([P] ) det T = det([P],)

=Te([P|zTT ") = Tr [P, O

Definition 1.51 (Determinant and Trace of linear operators) Let P
be a linear operator on the vector space V. Let B be any basis for V.

We define the determinant of the linear operator P to be the deter-
minant of the matrix [P],

det P = det ([P],) .
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Similarly we define the trace of the linear operator P as the trace of

the matrix
Tr P = Tr ([P]yp).

Remark 1.52 As defined the determinant and trace of a linear oper-
ator requires the choice of a basis, however in light of Proposition 1.50

we see that this choice does not actually matter.

1.4.3 Eigenvalues and eigenvectors of linear operators

We can determine some behaviour of a linear operator by considering the
vectors whose direction do not change under the action of the operator,

only their magnitude.

Definition 1.53 (Eigenvalues and eigenvectors) Let P be a linear
operator on the vector space V. An eigenvector of P is a nonzero vector
x € V such that

P(x) = \x

where A € R is the eigenvalue associated to x. That is, P scales x by A.

Remark 1.54 Of particular note is the case when A = 1, as then the
associated eigenvectors of A are completely fixed by the action of P.
These vectors will be particularly useful in Subsubsection 1.6.2 when

computing rotations in E3.

The following lemma shows that every eigenvector gives rise to a

one-dimensional line of eigenvectors.

Lemma 1.55 Let P be a linear operator on the vector space V. If x
is an eigenvector of P with eigenvalue A, then all vectors y € span(x)
are also eigenvectors with eigenvalue \.
Proof. Pick some y = px € span(x) where p € R. Then by linearity of
P

P(y) = P(px) = pP(x) = pAx = Ay. O

There is a rich theory behind eigenvalues and eigenvectors, however

for our purposes this is all we will need.

Example 1.56 Let B = {e,,e,,e.} be an orthonormal basis for E?

and consider the linear operator P on E? such that
P(e;) = ey, P(ey) = ey, Pe,) = —e.. (1.17)

This operator swaps first two basis vectors and inverts the third one.
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The matrix of P in the basis B is

We are told that P has an eigenvalue of A = 1, and wish to find its
associated eigenvectors. An eigenvector x = ve, +ye, +ze, with A =1

satisfies

Px)=Xx=x = Px) —-x=0
= ([Pls—DI)[x]z=0
-1 1 0 T
= 1 -1 0 Y

—rty=
r—y =20
—2z=0

Solving these three simultaneous equations, we find x = y, z = 0 and
so the eigenvectors with eigenvalue 1 are of the form x = a(e; + e,)

where o € R.

1.4.4 Orthogonal linear operators

Definition 1.57 (Orthogonal linear operator) A linear operator P act-
ing on a Fuclidean vector space V' is called an orthogonal linear operator

if P preserves inner products. That is,
(Px, Py) = (x,y) for all x,y € V. (1.18)

The following proposition relates orthogonal operators to orthogonal

matrices.

Proposition 1.58 Let B = (ey, ..., e,) be an orthonormal basis for

V and P a linear operator on V. Then the following are equivalent:
(1) P is an orthogonal operator,
(2) P(B) is an orthonormal basis,

(3) [Plg is an orthogonal matriz.
Proof. The equivalence between (2) and (3) is exactly Proposition 1.32
where [P], is the transition matrix from B to P(B). We show that (1)

and (2) are equivalent.
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Suppose P is an orthogonal operator, then equation (1.18) gives
(P(ei), Plej)) = (ei, €j) = dij- (1.19)

Hence, P(B) is an orthonormal basis for V.
Conversely, let P(B) be an orthonormal basis. Let x = Y"1 | z;e;
and y = Z?:1 y;e; be two arbitrary vectors of V, then by linearity of

inner products and of P we see:

(P(x), P(y))

= <Z x; P(e;), Z yjP(ej)> (linearity of P)

= Zmiyj<P(eZ-), P(ej)) (linearity of (—, —))
- szyl (P(B) orthornomal).
i=1

But recall from equation (1.9) that when x,y are written in an orthonor-
mal basis, their inner product is (x, y) = Y./, #;y;. This agrees with
(P(x), P(y)), and so P is an orthogonal operator. O

Note as a corollary of this proposition that the determinant of an

orthogonal operator is £1. In particular, orthogonal linear operators

are invertible.
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Week 3

1.5 Orientation of vector spaces

You may have heard the term orientation before. In particular, you may

have heard phrases such as:

The basis (a,b,c) has the same orientation as the basis
(a’,b’, ') if they both obey right hand rule or if they both
obey left hand rule.

or
A mirroring image has the opposite orientation to its source.
In this section we try to give exact meaning to these ideas.

Definition 1.59 (Same/opposite orientation) Let B and C be two bases
for a vector space V and let T be the transition matrix from basis B to
basis C.

We say that C has the same orientation as B if det T > 0.

We say that C has an opposite orientation to B if det T" < 0.

Recall that a transition matrix between bases is nondegenerate, hence

its determinant cannot be equal to zero.

Example 1.60 The simplest example is that of a line, E, a 1-
dimensional vector space. Any non-zero element of E spans the space,

so let us consider the following three bases, each with a single element:
B=(2) C=(-8) D= (10)

Which basis have the same orientations and which have opposite orien-
tation?

The transition matrix from B to C is the 1 x 1 matrix [—4] and the
transition matrix from B to D is [5]. Thus, D has the same orientation

as B, whilst C has opposite orientation.
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Example 1.61 Let us now consider a 2-dimensional example. Consider
the following two bases bases for E2

l (6RH) A (BRE)

Do they have the same or opposite orientation? The transition matrix

from Bto Cis T = [{ %] and detT" = —2. Hence C has an opposite

orientation to B.

We shall denote “basis C has the same orientation as basis 3” by the

notation B ~ C.

Proposition 1.62 The relation ~ is an equivalence relation on the set
of all bases for a given vector space. That is, ~ is reflexive, symmetric
and transitive.
Proof.
Reflexivity

The transition matrix of B to itself is the identity matrix, which has

positive determinant. Thus B ~ B.

Symmetricity

Let B ~ C and T be the transition matrix from B to C. The transition
matrix from C to B is then T~!. Now since det(T~!) = (det T)~! and
det T > 0 we have that det(T~!) > 0 and so C ~ B.

Transitivity
Let B~ C and C ~ D and let

sTc be the transition matrix from B to C
¢T'p be the transition matrix from C to D

gTp be the transition matrix from B to D

We know that det 3T > 0 and det ¢Tp > 0 and we need to establish that
det sTp > 0. By Lemma 1.41, gTp = gTc ¢Tp therefore det(gTp) =
det(cTp)det(pTe), a product of two positive values and so B ~D. [

Since orientation is an equivalence relation this means that the set
of all bases decomposes into a disjoint union of equivalence classes. Two
bases of a vector space have the same orientation if and only if there are
in the same equivalence class.

Example 1.60 shows that there are at least two orientation classes
in a 1-dimensional vector space. In general, for a space with dimension
at least 2, one can show that the determinant of the transition matrix
from the basis (e, es,...,e,) to the basis (eq, e1,...,e,), with the first

two vectors swapped, has determinant —1. This means that for all vec-
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tor spaces there are always at least two equivalence classes of bases: a

given orientation and its opposite orientation.

We want to show that these are the only two possibilities. That is,

there are exactly two orientation classes.

Proposition 1.63 Let B be a basis for a vector space V and let B’ be
a basis with an opposite orientation to B.

If C is a basis for V then either C ~ B or C ~ B’.

Proof. Let T be the transition matrix from basis B to C and T” be the
transition matrix from basis B’ to C. Let S be the transition matrix
from B to B'.

If detT” > 0 then we are done, so let us assume that
det 7" < 0. We have seen that T = ST’ (Lemma 1.41) and therefore
detT = det 7" det S. As B and B’ have opposite orientation then det S
is negative and we have assumed that det T” is also negative. This shows
that det T > 0 and therefore that B ~ C. O

Definition 1.64 (Orientation) An orientation of a vector space is an

equivalence class of bases under the equivalence relation ~.

Note that any choice of basis B implicitly chooses an orientation: the
equivalence class of B under the relation ~. The proposition above tells
us that there are two orientations, and that every basis has either the
same orientation as a fixed given basis or the opposite orientation to it.

We may pick an orientation and call it the left orientation and its
opposite the right orientation, though such a choice is arbitrary. A basis
with a left orientation is sometimes referred to as a left basis and a basis

with a right orientation is sometimes referred to as a right basis.

Definition 1.65 (Oriented vector space) An oriented vector space is a

vector space together with a choice of orientation.

Example 1.66 Let (e, f) be a basis of a 2-dimensional vector space.
We shall say that (e, f) has a left orientation.
We will consider the bases (e, —f), (f,—e) and (f,e). Which have

right orientations and which have left orientations?

(1) In order to transition from (e,f) to (e,—f) we use the matrix
Tie,—f) = [(1) O ] This is a reflection in the line spanned by e. Its
determinant is —1 and so (e, —f) has the opposite orientation to
(e,f). We may say that it has a right orientation or that it is a

right basis.

(2) The transition matrix from (e, f) to (f,—e) is Tig,_e) = [{ 3]

10
This has determinant 1 and so we may say that both (e,f) and

(f, —e) are left bases. Note that T(¢ _) is a rotation of the original

basis by an angle of 7/2.
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(3) The transition matrix from (e,f) to (f,e) is T(¢ ) = [{ §], which

has determinant —1. Thus (f,e) is a right basis. Note that the
transition here is a reflection in the line bisecting the angle between

e and f.

Of course if we had declared our initial basis to be a right basis, then
all terms left and right would have to be interchanged. The choice is

entirely arbitrary.

Example 1.67 Let {e,,e,,e.} be a basis of E* and let

Ay b x  Cx

T=lay, by ¢

be any 3 x 3 matrix with entries in R. Let a, b and ¢ be defined by

a=a;,X+ayy+a,z
b=0b,x+byy+b.z

C=CpX+cyy+c.z

We have three cases:

det T' > 0: In this case (a, b, c) is a basis and this basis has the same

orientation as (e, ey, e;).

det T < 0: In this case (a,b,c) is a basis and this basis has the

opposite orientation to (e, ey, e;).

det T = 0: In this case the set of vectors {a,b,c} are not linearly-
independent and hence do not define a basis. As such they do
not have an orientation.

Notice that since T was chosen arbitrarily, even if (a, b, c) is a basis

it need not be orthonormal.

Remark 1.68 The important message from this section is that there
exactly two orientations of any real vector space. Given a basis as a
reference point, any other basis either has the same orientation or the

opposite orientation as this reference point.

If two bases B and C have the same orientation then one can trans-
form from one basis to the other via a continuous transformation. Mak-
ing this statement precise is beyond the scope of this course, however
we can demonstrate the point in E3. If B and C are orthonormal bases
of E? with the same orientation then there is an axis v such that the
transformation of B to C is given by a rotation about v. This is Euler’s

Theorem and will be proved in Theorem 1.77.
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1.5.1 Orientation of linear operator

Let P be a linear operator acting on a vector space V and let
B = (e1,ea,...,e,) be a chosen basis for V.

Consider the image of this basis PB = (Pej, Pesy, ..., Pe,). If P is
nondegenerate then this is again a basis for V. We want to consider its
orientation. As we have already seen [P], is the same as the transition
matrix of B to PB. Thus we know that if [P],; has positive determinant
then B and PB have the same orientation. If the matrix has a negative
determinant then the two bases have opposite orientations .

Since the determinant of P as a linear operator is defined to be the

same as the determinant of [P], as a matrix we can now say the follow:

e If a linear operator P has positive determinant then the action of

P preserves the orientation of a basis.

e If a linear operator P has negative determinant then the action of

P swaps the orientation of a basis to the opposite orientation.

Definition 1.69 Let P be a nondegenerate (invertible) linear operator
acting on a vector space V.

We say that P preserves the orientation of V if det P > 0.

We say that P changes the orientation of V if det P < 0.

1.6 Orthogonal operators of E"

Recall the notion of orthogonal operator (see Subsubsection 1.4.4). In
this section, we shall consider orthogonal operators in E? and E3. In
particular, we shall try to classify them and show how they relate to

geometric notions that we are familiar with: rotations and reflections.

1.6.1 Orthogonal operators in E?

In this section, we will show that an orthogonal operator in E2? induces
either a rotation or a reflection of E2, depending on whether it preserves
orientation or not.

Throughout, we let B = (e, e3) be an orthonormal basis E2. Recall

that this implies
(e1,e1) = (ez, ex) =1 (e, ex) =0,

i.e., vectors ep, e have unit length and are orthogonal to each other.
Also recall that by fixing an ordering on the basis, we have fixed an
orientation on the basis and therefore the vector space. We shall call

this the @‘ orientation.
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Let P be an orthogonal operator acting on E?, i.e.,
(P(x), P(y)) = (x, y)for allx,y € E*.
Consider a new basis C = (f, f2) defined by applying P to B:

f; = P(el) = e +yeq, o,y € R
f; = P(eg) = ﬁel +562, /3,(5 eR

By Proposition 1.58, as P is an orthogonal operator, this new basis C is
an orthonormal basis.
Because P is orthogonal, there are extra restriction on «, 3,7v,d € R

we have not considered yet. Consider the matrix for P in the basis B:

By Proposition 1.58, P is orthogonal if and only if [P], is an orthogonal

matrix:

L op T o v e B
G I E

This gives us three extra constraints on what the entries of [P], could
be

a?++2 af+~vo
aB+~6 B2+06°

?+=1, B+6=1, af+y5=0. (1.20)

Recall that a? ++2 = 1 and 32 + §%2 = 1 are the equations that cut

out a circle of radius one. As a result, we can satisfy these equations

immediately by picking angles ¢, 1 and setting
a=cosp, v=sinp, =cosy, §=siny. (1.21)
The final constraint a3 + ~vd = 0 implies that

cos p cos Y + sin g sin ) = cos(v — ) = 0.

Observation 1.70 You may notice that we could have equally picked
a = sin @,y = cos p (similarly for 3, d) and still satisfied the constraints.
However, this can be put in the form of equation (1.21) by picking a

different angle:

m T . . T .
cos(= — ) = cos(p — 5) = cospcos —l—smgosmE = sin p

EENE

sin(— — ¢) = —sin( —z):—sin C0S © + cos psin ~ = cos
B ¥ ® B ¥ B) ¥ D) ¥®
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Therefore without loss of generality, we can always put «, 3,7,d in the
form (1.21).

Let us pause to reinforce what we have shown so far:

Lemma 1.71 Let B be an orthonormal basis and P a linear operator
of E2. Then P is an orthogonal operator if and only if its matriz [Pl
can be written in the form

singp siny

cosy Ccos

and satisfies the constraint cos(v) — ¢) = 0.

The condition cos() — ¢) = 0 only occurs when ¢ — ¢ = § + kr for
some integer k € Z. The geometry of P varies depending on whether
k is odd or even. This splits the orthogonal operators of E? into two

classes:

(1) when ¢ = ¢ + 5 + 2mm for some m € Z (k = 2m is even),

(2) when ¥ = ¢ — 5§ + 2m7 for some m € Z (k = 2m — 1 is odd).

Case 1: Rotations in E2  We first consider the case where k is even.

Let k = 2m for some integer m € Z. Then ¢ = ¢ + 5 + 2mm and so

™ 7T
cos 1) = cos (<p+§+2m7r> = cos (504—5

. . ™ . ™
sin ¢ = sin (g0+ 3 +2m7r) = sin (cp+ 5) = cos p.

) = —siny,

Therefore the orthogonal operator depends on a single parameter . To

emphasise this, we denote the operator P, and write its matrix as

[Pyl = [” “] = (122

sing sinYy

cosp —sin c,a]

singp  cosp

Therefore, P, acts on an arbitrary vector x = z1e; + x2e; as follows:

cosyp —sing| [z T1COSY — Tgsinp

sinp  cosp To 1 8in @ + X2 Cos @

= P,(x) = (zr1cosp — xosing)e;+(z1 sinp + xo cosp)es  (1.23)

Note also that det P, = det [P,],; = 1 and so P, preserves orientation.
What is the geometric behaviour of F,? You may recognise the
matrix (1.22) as a rotation matriz. Explicitly, if we apply the operator

P, to the vector x, it rotates x by the angle ¢.

Example 1.72 Fix some orthonormal basis B = (e, e3) for E2. Con-
sider the vector x = 2e; + e3 and let ¢ = 5. What is the P,?
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Then using equation (1.23), we see

)

= (2eos(5) o (5)) er s (20 (3) weos(5))

= —e; + 2ey

P%(X

~—

i.e., Pz rotates x by 7 radians, see Figure 1.

You may notice that we have not addressed in this example whether
the rotation acts clockwise or anti-clockwise. These two notions do not
make sense in an arbitrary vector space: it is completely determined
by the orientation of the vector space and therefore the ordering of the
basis. Explicitly, the rotation operator P, rotates the first basis vector

towards the second basis vector.

Figure 1 shows Example 1.72 for two different choices of basis. In
both cases, the rotation operator rotates x by 7 radians in the direction

of e; to es.

€2

Figure 1: The rotation operator Pz from Example 1.72 for two different
ordered bases. The operator rotates the vector x by 7 radians in the
direction of e; to es.

Case 2: Reflections in E? We now consider the case where k is odd.

Let k = 2m — 1 for some integer m € Z. Then ¢ = ¢ — 7 + 2mm and so

m ™ .
cos ) = cos ((p— 5 +2m7r) = cos (gp— 5) =sinp

. . i . s
sin1 = sin (go— 3 +2m7r> = sin ((p— 5) = —cosyp

Again, the orthogonal operator depends on a single variable . We
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shall denote the operator ), and write its matrix as:

Q) = [cos @ cos 1/)] _ [cosgp sin ¢ ] . (1.24)

sinp siny sing —cosy

By a similar calculation to (1.23), @, acts on an arbitrary vector x =

r1€1 + x2ey as follows:

cosy  singp 1 21 €08 Y + xgasinp
[Qw]B[X]B =1 . = .
singp —cosp| |22 x18in g — 25 cos p
= Qu(x) = (z1cosp + zosinp)e+(zysing —zacosples  (1.25)

Note that in this case, det Q, = det [Q,]z; = —1, and so @, does not

preserve orientation.

We saw that P, preserves orientation whereas @), doesn’t. How does
the geometry of (), compare to P,? To answer this, we introduce a new

linear operator R on E? defined as follows:

R(er) =er, R(es) = —es = [Rly= Ll) _01]

R is the reflection that sends es to —esq, or alternatively is the reflection
in the line spanned by e;. Recall from Example 1.66 that this operator
does not preserve orientation. Furthermore, by comparing [P,], and
[Qy,]z we can deduce that Q is the composition of a rotation and a

reflection.

_|cosp  sing | fcosp —sinp| |1 0O
Sl rigond Ll et |

sinp —cosg sinp  cosg

(1.26)

Example 1.73 Similar to the previous example, we fix some orthonor-
mal basis (ej,eq) for E? and consider the vector x = 2e; + es. Let
@ =0. What is Qo7

Qo should simply be R, the reflection in the line spanned by ey,
i.e., that sends es to —es. By equation (1.25) we get:

Qo(x) = (2cos0+sin0) e; + (2sin0 — cos0) ez
= 261 — €9

Let us consider Q,, for ¢ = 7:

1= (2 (5) o () o ¢ 2o () o ()

=e; + 2e

Q

[ME]
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There are two geometric interpretations of this operator. The first is
that it is the reflection in the line spanned by eq, followed by a rotation
by § radians from e; to e. The second, cleaner, formulation is that it
is the reflection in the line spanned by e; + ez (see Figure 2).

In fact, any two dimensional reflection can be realised by a compo-

sition of reflection operator R and a rotation.

€2

Figure 2: The reflections Qo = R and Qz applied to the vector x from
Example 1.73. Note that Q= can be viewed as the reflection in the line
€1 + eg, or as the composition of R and Pz.

This completes a full characterisation of orthogonal operators in E2.

We recall what we have shown in the following proposition.

Proposition 1.74 Let P be an arbitrary orthogonal linear operator on
E2, then det P = +1.

If det P =1 then there exists an angle ¢ € [0,27) such that P = P,
is the operator that rotates a vector by .

If det P = —1 then there exists an angle ¢ € [0, 2m) such that P = Q,

is the operator that rotates a vector by ¢ composed with a reflection.
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1.6.2 Orthogonal operators in E3 and rotations

In the previous section, we saw that the orthogonal operators of E? that
preserved orientation were rotation operators. The main result in this
section will be Euler’s Rotation Theorem that shows the same holds in
E3. We will give the precise statement of Euler’s Theorem at the end of

this section. For now, we will just formulate a preliminary statement:

Theorem 1.75 An orthogonal operator in E> that preserves orientation

is a rotation about an axis L by the angle p.

We shall slowly build up this statement by precisely defining rota-
tions in E3 and how we can derive the axis and angle via standard linear

algebra techniques.

Recall that a linear operator on [E? is a rotation by ¢ if it is of the
form P,, see (1.22) and (1.23). The definition of a rotation is little bit
more subtle in E3. Explicitly, a rotation in E? occurs around an azis.

Let n # 0 be an arbitrary non-zero vector in E?. Consider the line
L, =span(n) = {An € E* | A € R>¢}

spanned by vector n. We say Ly, is the azis directed along the vector n.

Note that L,, depends only on the direction of the vector n, not the
magnitude, i.e., L, = Ly, for all A #% 0. As a result, we shall often

consider the normalisation of n

~ n
n=

(1.27)

"

i.e., the unit vector in the direction of n. This will allow us to work with

an orthonormal basis.

Definition 1.76 Let P be a linear operator on E?, and B = (f, f, g)

an orthonormal basis. We say P is a rotation about the axis Ly, by the
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angle ¢ if it acts on B as follows:

P@m)=n (1.28)
P(f) =fcosp+gsing (1.29)
P(g) = —fsinp +gcose (1.30)
i.e., the matrix representation of P in the basis B is
1 0 0
[Plg= [0 cosep —singp]|. (1.31)

0 singy cose

Let’s break down this definition and see what is happening geomet-
rically.

e (1.28) implies that P fixes all vectors on the axis L, = L~, as

P(\R) = AP(8) = M\

for any scalar A € R. Note that in linear algebra terms, this is
equivalent to n (and, by Lemma 1.55, any scalar multiple of n)

being an eigenvector of P with eigenvaluel.

e (1.29) and (1.30) state that if we restrict to the two dimensional
plane spanned by (f,g), then P behaves exactly like a two dimen-
sional rotation and rotates the plane by the angle ¢. As the basis
is orthonormal, this plane is orthogonal to n, and so the plane

rotates around the axis L.

Recalling the definition of the trace of linear operator, we see from
(1.31) that
Tr(P) =14 2cosy (1.32)

where ¢ is angle of rotation. Recall by Proposition 1.50, that the trace
of P does not depend on the choice of basis. This formula determines the
cosine of the angle of rotation purely in terms of the operator rather than
its matrix with respect to a basis. Furthermore, as cos(y) = cos(—¢) it
determines the angle of rotation up to sign.

It is quick to check that P is orthogonal and preserves orientation.
FEuler’s Theorem states that the converse is true: any orientation pre-

serving orthogonal operator of E? is a rotation.

Theorem 1.77 (Euler’s Rotation Theorem) Let P be an orientation
preserving orthogonal operator of E3. Then P is a rotation around an
azis L by the angle .

Ezxplicitly, the axis L is the one dimensional space of eigenvectors of

Page 34



MATH20222: Intro to Geometry Simon Peacock and Ben Smith

P with eigenvalue 1, and the angle ¢ is determined up to sign by
Tr(P) =14 2cosy.

Not only does this theorem completely characterise which operators
define rotations, it tells us precisely what the geometry of that rotation is
using only linear algebra. Before we prove this, let’s consider an example

that demonstrates the power of Euler’s Theorem.

Example 1.78 Consider the linear operator P we saw in Example 1.56

that maps the orthonormal basis B = (e,, ey, e;) to
P(e;) =e,, Pley) =e€,, Ple,) = —e,. (1.33)

Is P an orientation preserving orthogonal operator? If so, what is the
angle of rotation?
This operator swaps the first two basis vectors and reflects the third

one. Recall the matrix of operator in the basis B is given by

We can immediately check that P is an orthogonal operator as [P], is
an orthogonal matrix. Furthermore, the determinant is det P = 1, and
so P preserves orientation. Hence by Euler’s Theorem, it must be a
rotation.

We wish to know exactly what rotation P defines, therefore we shall
calculate the axis of rotation L and the angle ¢. Recall from Exam-
ple 1.56 that the vector e, + e, is an eigenvector with eigenvalue 1.
Hence the axis of rotation is L = span(e, + e,). To find the angle, we
use (1.32),

Tr(P)=142cosp=—-1 = p=m.

Therefore P is the rotation around the axis L by the angle .

Remark 1.79 The identity operator I that leaves everything fixed,
i.e.,

I(x) = x for all x € E3

is an orthogonal operator that preserves orientation. However, intu-
itively we can see that I doesn’t rotate anything, and this is reflected by
Euler’s Theorem. As I(x) = x for all vectors, every vector is an eigen-
vector with eigenvalue 1, and so every line in E? could be considered an
axis of rotation. Furthermore, the trace of I is Tr(I) = 3, therefore the

angle ¢ is zero.
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The proof of the Euler’s Theorem has two parts: firstly that there
exists an axis that P leaves fixed, and secondly that P rotates the re-
maining vectors around that axis. We prove these in the following two

lemmas.

Lemma 1.80 Let P be an orientation preserving orthogonal operator
of E3. There exists an aris L such that P(x) = x for all x € L.

Proof. If P has eigenvalue 1, then L is the one-dimensional space of
eigenvectors x with eigenvalue 1, i.e., P(x) = x. Therefore we show

that P has an eigenvalue 1.

Recall from linear algebra that P has an eigenvalue A if and only if
det(A —P) = 0, where [ is the identity operator. Therefore it remains to
show that det(I — P) = 0. We show this using many of the determinant

properties stated in Proposition 1.46.

(P preserves orientation)

(det M = det M)
(det MN = det M det N)
)

(

(
=det(PT — PTP)
=det(PT — 1) (P orthogonal
=det(PT —1T)
=det(P-1)") (MT+NT =(M+N)")
=det(P —1I)
= —det(I — P) (det(—=M) = (—1)" det(M))

Therefore det(I — P) = —det(I — P) = 0 and so 1 is an eigenvalue of
P. By Lemma 1.55, the span of a corresponding eigenvector n forms a
fixed axis Ly,. O

Lemma 1.81 Let P be an orientation preserving orthogonal operator
of E3 that fizes an axis L. Then P is a rotation about the axis L by

some angle .

Proof. Pick a unit vector n in L and pick an arbitrary orthonormal basis
(n,f,g) with n as the first basis vector. By Lemma 1.80 we know that

P(n) = 1, we wish to show that

Pf)=0-n+af+8g, P(g)=0-n+~f+4dg, «,pf3,7v,0 R

i.e., they have no n component.

Suppose P(f) = pn + of + g and consider the inner product
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(P(f), P(n)). By inner product manipulation, we see that

(P(f), P(n)) = (un + of + g, 1)
= pu(m, 1) + off, n) + (g, 0)
=p
However, as P is orthogonal, we have (P(f), P(n)) = (f, n) = 0. There-

fore p = 0 and P(f) has no n component. A similar calculation holds
for P(g). As a result, the matrix of P is

As the matrix is orthogonal and orientation preserving, we can repeat
the calculations as in (1.20) and (1.22) to show that

P(f) =fcosp+gsing, P(g)=—fsing+ gcose.

Therefore P is the rotation about the axis L by . O

1.7 Area, volume and determinant

You may have seen before that the area of a parallelogram and the vol-
ume of a parallelepiped can be calculated in terms of the vector (cross)
product, which in turn is related to determinants. In this section we
will give a rigorous definition of the vector product and prove the link
to determinants. These formulas will help develop a geometrical under-

standing of the determinant of a linear operator.

1.7.1 Vector product in oriented E3

We begin with a formal definition of the vector product for an oriented

3-dimensional Euclidean vector space.

Definition 1.82 (Vector product) Let V = E3 be a 3-dimensional
oriented Euclidean vector space. A wvector product (also known as a

cross product) is a map,
- X = VxV=V
satisfying the following properties:
e The vector x x y € V is orthogonal to x and y, that is

(x,xxy)=0 and (y,xxy)=0 (VP-1)
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The product is anticommutative:

(xxy)=—(y xx) (VP-AQ)

e The product is linear:

(Ax+uy) X z=Axxz)+ uly x z) (VP-Lin)

e For perpendicular vectors x and y, the length of the vector prod-
uct, x X y, is equal to the area of the rectangle formed by x and
y:

xy)=0 = |xxyl =[xyl (VP-Len)

o For linearly independent vectors x and y the basis

(x,¥,x Xxy) has the same orientation as V. (vp-0)

Remark 1.83 As with the inner product (also known as scalar prod-
uct), we can use the anticommutativity of the inner product together

with linearity in the first variable to show linearity in the second variable:

zX (Ax+py) =—(Ax+py) Xz

“Axx2z)—plyxz) =Mz x x)+ uzxy).
This means that the vector product is actually bilinear.

Remark 1.84 Anticommutativity implies that (x x x) = — (x X x)
so the self product is always zero. Moreover, if x and y are not linearly
independent, so that for some A we have y = Ax, then the vector product

X X y is equal to:
XXYy=xXAx=Axxx)=0.

Remark 1.85 Axiom (VP-1) means that if x and y are linearly inde-
pendent then x X y is perpendicular to the plane spanned by x and y.
This implies that (x,y,x X y) is a basis.

Remark 1.86 The orientation of V' is important: if W is the oriented
vector space that contains the same vector space as V' but comes with
opposite orientation, then for vectors x and y, the basis (x,y,x X y) has
the same orientation as V' by axiom (VP-0). This basis has the opposite
orientation to W and hence the vector product on W would give a vector

in the opposite direction, yet still perpendicular to both x and y.
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1.7.2 Existence and uniqueness of the vector product

At this point we have specified a list of axioms that a vector product
should satisfy, it is not yet clear that such a function need necessarily
exist. Our goal now is to both show that such a product exists and also

that the vector product is unique.

We shall begin by showing that if a vector product exists for the
oriented 3-dimensional Euclidean space V', then this product is unique.
Let us fix an orthonormal basis B = (e1, ez, e3) that shares the same
orientation as V. We assume that a vector product — x — exists for V'

and may deduce the following facts:

e; xe; =0 Vie{l,273} by Remark 1.84.

e; X ey = \e3 for some scalar A by axiom (VP-1)
= tes by axiom (VP-Len)
=e3 by axiom (VP-O).

Similarly, since the bases (e1, ez, e3), (e2,e3,e1) and (es, e1, eq) all have

the same orientation:
e X e3=e; and e3 X e; = es.
Finally by anticommutativity (axiom (VP-AC)) we know that
e X ey = —e3, €3 X eg = —eq, and e; X e3 = —eo.
The facts above mean that the axioms determine the value of the
vector product for any pair of elements in an orthonormal basis. From
this we can determine the value for any pair of vectors by bilinearity.

Explicitly, if v = vie; + voes + v3ez and w = wie; + wees + wses are

arbitrary vectors then bilinearity gives:

v X W = (vie + vgey + vzes) X (wieg + wees + wzes)
=viwi(e; X e1) + viwa(e; X eg) + viws(e; x ez)
+ vowq(eg X €1) + vaws(es X es) + vows(eg X e3)
+vzwy(e3 x e1) + vswa(es x eg) + vzws(e; x e3)

= (’UQ’UJg — 1131U2)e1 + (vgw1 — Ul’wg)eg + (1}1’UJ2 — ’Ug’wl)eg

It is convenient to represent this formula in the following very familiar
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way:

€ € e3
vxw=det |v; vy w3 (1.34)

wp w2 w3

At this point we have shown that the value of the vector product
for two arbitrary vectors is given by the determinant formula (1.34).
It remains to show that this formula satisfies all of the required ax-
ioms (VP-1) to (VP-O). The proof of this is left as an extended exercise

(see Exercise Sheet 4, Question 4).
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1.7.3 Area of a parallelogram

Axiom (VP-Len) states that the length of the vector product of two per-
pendicular vectors is given by the area of a rectangle bordered by the
pair. The following proposition generalises this to the area of the paral-
lelogram formed by two arbitrary vectors.

We shall represent the parallelogram formed by two vectors, v and

w, with the notation //(v,w).

Proposition 1.87 The area of the parallelogram formed by the vectors
x andy is given by the length of their vector product, ||x X y||.

Area((x,y)) = ||x x y|| (1.35)

Proof. Consider the expansion y = y| + y1, where the vector y, is
orthogonal to the vector x and the vector y is parallel to vector x. The
area of //(x,y) is equal to the product of the length of the vector x (the
base) and the length of vector y | (the height).

On the other x xy = x X (yj+yL) = xXy| +xxyL.. But
x xy| =0, because these vectors are collinear. Hence x Xy =

x X y1 = ||x||l|ly L] because vectors x and y, are perpendicular. O

This proposition is very important in understanding the meaning of
the vector product. Succinctly, the vector product of two vectors is a
vector that is orthogonal to the plane spanned by these vectors, with
magnitude equal to the area of the parallelogram formed by the vectors.
The direction of the vector is defined by orientation.

It is worth recalling a formula relating the area of a parallelogram to
the length of its sides and the angle between them:

x>yl = [Ix][[[yllsin 6] (1.36)
Compare this to the formula we saw for inner products:

(x, ) = lIx[lllyllcos 6. (1.7)

These two formulas demonstrate a fundamental property of the two dif-
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ferent products:

e The inner product is zero if the pair of vectors are orthogonal.

e The vector product is zero if the pair of vectors are collinear.

In fact equation (1.36) can be derived from equation (1.7) using the
identity [|[v x w|*+(v, w)* = ||v]|*||w||?, which we prove in Lemma 1.88

below. Using this identity we have

2 2 2 2

e x yII* + (x, ¥)° = [IxI*ly]
= %) lyI*(sin? @ + cos? 6)
= |x|Pllylsin® 6 + (x, )2

Eliminating the inner product from both sides and taking square roots
gives equation (1.36). Thus if we abstractly define angles using the inner
product formula, this is consistent with doing so with the vector product

formula.
Lemma 1.88 For a pair of vectors v and w in E3 the following identity

holds:

2 2 201112
v > wl” + (v, w)™ = [[vI["[|w]".

Proof. Fix an orthonormal basis B and let

U1 w1
Vg = |v2 and W]z = | w2
U3 w3

Using the determinant formula we have the following:

det [oh 22 1) + (det [ 44 w3 ])® + (det [ 22 22 1)

viwW2 — v2w1)2 + (vyws — v3w1)2 + (vows — v3w2)2

lv o wi* = (

= (

= (nyw2)? + (vyws3)? + (vowr)?
+ (vow3)? + (vzwy)? + (vzws)?

—201 W1 VW — 2V W1 V3W3 — 2V9WoV3W3
Calculating the square of the inner product we have:

(v, w)2 = (viwy + vaws + v3w3)2
= (v1w1)? + (vaw2)? + (vsws)?

4201w VawWe + 201 W1 V3W3 + 2V2WoV3W3
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Finally the square product of norms gives:

VIl = (02 + o2 + 02) (w2 + w2 + w?)
= (viw1)? + (vaws)? + (v3ws)?

+ (viws)? 4 (viws)? + (vawy)?

+ (vows3)? + (vsw1)? + (vzws)?

We can now see that ||v x w||> + (v, w)* = ||v|*|w]|’. O

1.7.4 Area and determinants in E?

Let a and b be two linearly independent vectors in a 2-dimensional
Euclidean vector space, E2. We can consider the 2-dimensional space as
a plane in an oriented 3-dimensional Euclidean space, E3. Our aim is to
calculate the area of the parallelogram //(a, b) formed by vectors a and
b.

Let n be a unit vector in E? which is orthogonal to E2, chosen so
that the basis (a,b,n) has the same orientation as E®. Axiom (VP-1)
means that the vector product in a x b is proportional to the normal

vector n:
ax b=an, where « is the area of //(a,b).

Let (e, f) be an orthonormal basis for the plane E?, again chosen in the
order so that the orthonormal basis (e, f, n) has the same orientation as
E3. This is equivalently to choosing (e, f) to have the same orientation
as (a,b). Let a = aje + aof and b = bye + byf. Then

e f n
axb=det |a; a; 0| =ndet lgl 221 (1.37)
bi by O o

Thus o = det [le Z; } If we had instead selected a basis with the op-
posite orientation, for example (f,e,n), we would instead have a equal
to the negative of the determinant. Thus if (e1, e2) is any orthonormal
basis for a 2-dimensional Euclidean space, with v = vie; + vse; and

W = wie; + weey arbitrary vectors then

v v
det ! 21
w; w2

Next we want to consider the action of a linear operator on the par-

Area([(v,w)) = (1.38)

allelogram formed by two vectors. We shall see in the next proposition
that for a linear operator acting on a 2-dimensional space, the determi-

nant of the linear operator controls how the area scales.
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Proposition 1.89 Let P: E2 — E2 be a linear operator, and let a
and b be vectors in E2. Denote the images under P by a’ = P(a) and
b’ = P(b). Then

Area(//(a’,b")) = |det P| Area(//(a,b)).
Proof. Fix a basis B = (e;,ez) for E? and let

ai by P11 P1,2
[a]B:[ ] [b]zs:[ 1 [P]B:l 1
as by P21 D22
We obtain the coefficients of a’ and b’ by multiplying the matrix by each

column vector. This together with equation (1.38) of the last section

gives:

Area(//(a’,b")) =

det P1,101 + P1,2G2  P2,101 + P2,202
p11b1 +p12ba  p2.1b1 + p22bo

det ay az2| |P1,1 P21
bi by P12 D22
det a2
b1 b

= |det P| Area(//(a, b)) O

= |det PT|-

1.7.5 Volume and determinants in E?

The vector product of a pair of vectors is related with area of the paral-
lelogram they form. We will now consider the parallelepiped formed by
three vectors.

Let a, b and ¢ be three vectors in E3. We shall denote the paral-
lelepiped formed by these three vectors with the notation fJ(a, b, c). We
may consider the parallelogram //(b, ¢) as the base of the parallelepiped.
The height vector h, is now proportional to b x ¢ (as it is perpendicular
to both b and ¢) and forms some angle , with a.

The volume of ff(a, b, c) is equal to the length of the height vector
h, multiplied by the area of the base, //(b, c).

Vol(#)(a, b, c)) = Area(//(b, c)) | hl|
= Area(//(b,c))||al||cos 6]
= ||b x cl|||a|||cos 8] (Proposition 1.87)
= |[{a, b x ¢)| (Equation (1.7))

Let us express the vectors in terms of an orthonormal basis
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B = (e1,eq,e3) in the usual way:

aq bl c1
[a]B = |a2] [b]B - b2 s and [C]B = |co
as bg c3

We can expand the inner and vector products using the chosen basis:

Vol(f(a,b,c)) = |(a, b x c)|

ar | det H; i’g]
=||az| ® |—det [l 5]
as | det [{(’i f’j]

= laxdet [2 8] —azdet [2} &3] + asdet [21 2 ]|

c2 c3 c1 ca

ay a2 ag
= |det 1)1 b2 b3

L C1 C2 C3

Putting these together we come to the beautiful formula:

a; a2 ag
Vol(Z(a,b,c)) = |(a, b x c)| = |det | by by b3||. (1.39)

i C2 C3

Remark 1.90 Just as we remarked for the area of a parallelogram,
sometimes it is useful to consider the algebraic area of a parallelepiped
as either positive or negative. In this situation, we would define the
volume to be (a, b x ¢) without taking the absolute value. The sign

would then depend on the orientation of the vector space.

We can now state and prove a proposition for linear operators and
volumes in E3, analogous to Proposition 1.89 that considered areas and

operators in E2.

Proposition 1.91 Let P: E> — E3 be a linear operators and let a,
b and ¢ be vectors in E3. Denote the images under P by a’ = P(a),
b’ = P(b) and ¢’ = P(c). Then

Vol(fi(a’,b’,c’)) = |det P| Vol (£}(a, b, c)). (1.40)
Proof. The arguments in the proof of Proposition 1.89 can be applied,

mutatis mutandis, to the three dimensional case.

More succinctly (using det M = det MT) we can see that, having
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fixed an orthonormal basis B, the volume is given by

Vol(Z(a’,b’,c)) = ’det [[a']B b5 [C/]B”
= |aet (1Pl [lls bl [els])]

= |det P| Vol(&(a, b, c)). -

2 Differential geometry

2.1 Affine space

Section 1 was entirely focused on vectors and vector spaces. However,
geometry often deals with spaces whose the elements are “points”. More-
over, we would like a space where both points and vectors can interact

with one another. This leads to the notion of affine spaces.

Definition 2.1 (Euclidean affine space) Let E™ be an n-dimensional
Euclidean vector space. A Fuclidean affine space (associated with E™)
is a set of points A", along with an addition map that allows us to add

points with vectors

A" xE" — A"
P,v)»P+v

such that
1) Vv,weE"PecA" P+ (v+w)=(P+v)+w,
2) VP EA", P+0=P,
(3) VP,Q € A", 3 a unique v € E™ such that P + v = Q.

Note that as they behave differently, we denote points in uppercase
and vectors in lower case.

This definition may seem a bit abstract and unintuitive, but in fact
A™ behaves exactly how we expect R™ to behave when doing geometry.
We can add a point and a vector to get to a new point, we can add two

vectors to get a new vector, but we cannot add points together.

Remark 2.2 Unlike vector spaces, affine spaces do not come with a
fixed “zero” or “origin”. If we want to use one, we have to make this

choice.

Let A™ be a Euclidean affine space with associated vector space E™
with orthonormal basis B = (eq, ..., e,;). We wish to find a way to
describe the points of A™. This leads to the notion of a coordinate

system on A™.
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Definition 2.3 (Coordinate system) A coordinate system on A™ is a
surjective map R™ — A™ that assigns every n-tuple of real numbers to

a point P in A",

Note that there are many different choices of coordinate system, but

we shall begin with the most natural choice, Cartesian coordinates.

Example 2.4 (Cartesian coordinates) We first pick some arbitrary

point O € A™ to act as an “origin” of the space, as well as an orthonormal

basis B = (e, ..., e,) for E*. The Cartesian coordinate system assigns
the n-tuple of real numbers (z1, ..., 2,) to the point
P=0+v=0+uze1+ -+ ape,, (2.1)

where v = ). x;e; is some vector in E". Note that by (3), there always
exists some vector v such that P = O + v, and so every point has some
n-tuple associated with it.

Once O and B have been fixed, the Cartesian coordinate representa-

tion of P is the column vector

x1
P=|:]. (2.2)

Tn

Unless stated otherwise, we shall work with Cartesian coordinates. Note
that we will use round brackets to denote that (2.2) represents a point

rather than a vector.

Remark 2.5 Example 2.4 leads to exactly the same notion of Cartesian
coordinates we are familiar with on R™: we have a coordinate axes
spanned by B centered at the origin O. The only difference is we had to
explicitly choose O and B.

Remark 2.6 A warning about literature: many authors use R" for
both the affine space and corresponding vector space. However this
can lead to confusion, and so we shall stick with A™ to emphasise the

difference with the vector space E™.

Example 2.7 (Polar coordinates) We know that Cartesian coordinates
are not the only choice of coordinates in A". For example, we can define
polar coordinates on A? in the following way. Fix an origin O € A% and
an orthonormal basis (e, e3), the tuple (r,0) gets mapped to the point

P = O + v where v has magnitude r and angle 6 with ey, i.e.,

r=|vl, (v,e)=|v]cosf.

However we can also describe polar coordinate by how it relates to Carte-

sian coordinates. In particular, if (z,y) is the Cartesian representation,
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it is related to polar coordinates via

T =rcosf r=+/x2+y>
y=rsinf 0 = arctan <Q>

x
There are many more coordinate systems we may pick, however
the underlying geometry should stay the same regardless of our choice.
Therefore we shall work with Cartesian coordinates and show our meth-

ods hold for arbitrary choices of coordinates later.

Note Unless stated otherwise, we shall fix an origin O € A™ and an or-
thonormal basis B = (eq, ..., e,) for E", and use Cartesian coordinates
on A" with respect to O, B.

2.1.1 Tangent spaces

In vector spaces, all vectors began at the same point. This is not the
case with affine space, we have to specify which point a vector is based

at. This leads to the notion of tangent vectors and tangent spaces.

Definition 2.8 (Tangent vectors and tangent spaces) Let P be a point
in A™. A tangent vector vp to A" is a vector v € E" beginning at the
point P € A™.

The tangent space of A™ at P is the set Tp (A™) of all tangent vectors
vp to A™ beginning at P.

We first note that the tangent space Tp (A™) is a vector space, as
adding and scaling vectors does not change their base point. Further-
more, as we can add any vector in E™ to a point P, the vector space

Tp (A™) is a copy of E™, i.e., Tp (A™) is isomorphic to E™.

As Tp (A™) is a vector space, we can describe it with a basis. In
theory, we may pick a different basis Bp for each tangent space Tp (A™),
and we shall see later that for some coordinate systems this is the correct
thing to do. However, as we are working with Cartesian coordinates on
A™ we shall fix the same basis B = (ey, ..., e,) for every tangent
space Tp (A™). This allows us to write elements of Tp (A™) as column

vectors (with square brackets) as we did in E™.

Remark 2.9 The name tangent vector and tangent space may seem
odd here, considering they don’t appear to be “tangential” to anything.
This connection will become more apparent when we define tangent

vectors to curves and surfaces.

Remark 2.10 When doing vector calculus in R?, you may have come
across the notation where tangent vectors are given by ai+ bj+ ck. This
gives a vector of the tangent space: without knowing the point at which

the vector begins, it does not make sense on it’s own.
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Finally, we make a quick note about functions on affine space. As
we are doing differential geometry, we want our functions to be as dif-

ferentiable as possible!

Definition 2.11 (Smooth functions) Let f be a real-valued function

on A"

fr A" =R
L1
= f(21,...,@y).
Ty

We say f is smooth if every partial derivative of f exists, i.e.,

o*f

W exists for all a; € ZZO, ay+---+ap, =a.
Ly - O0Tn

We won’t need to worry too much about this definition: all this
means for us is we are free to differentiate smooth functions as much
as we want and not worry about awkward issues such as whether a
derivative exists or not. For us, practically all the functions we will

work with will be smooth.
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2.2 Vector fields

We briefly recall a key object in vector calculus.

Definition 2.12 (Vector field) Let hq,...,h, be real-valued functions
on A". A wector field W on A" is a function

W(z1,...,2n) = hi(21,. .. xp)er+ -+ hp(xg, ..., 20)e, (2.3)

that assigns to each point P € A™ a tangent vector W(P) € Tp (A™)

from its tangent space.

Example 2.13 Let W(z,y) = ze, +ye, be a vector field on A%
The vector field given by W is in Figure 4. Here hi(z,y) = z and

hg(l',y) = Q

Vector fields often arise in mathematics and physics in the following
way. Let f: A™ — R be a smooth function, the gradient of f is the
vector field

_of of

€.
A vector field that arises as the gradient of some function f is called a
conservative vector field. Geometrically, the vector field V f points in

the direction in which f increases the most.

Example 2.14 Define

x2+y2

flay) = —

then 9 = 223”: x and % = i: y. Therefore Vf = 9le, + %ey =
re, +ye, is precisely the vector field W defined in Example 2.13.
Therefore W is conservative. Note that the vector field points in the

direction that f increases the most, i.e., orthogonally to the level sets.
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Figure 3: The graph of the function f = ngyz with level sets shown
below.

Example 2.15 Is the vector field W(m,y) = —ye, + ze, (shown in
Figure 4) is conservative?

No. If it were conservative, there would exist some function f such
that

of of
Ox Oy
However as differentiation commutes, we arrive at a contradiction by
considering
1 o (0f 0% f o (0f 1
dx \ dy 0xdy Oy \ Oz '

NNN\N\NNANVET P77/ Ve SRS NN
LNy 4/////::/kk\\\i\\\\\\
NNNNNANNNN A RSSO SN
NNNNANANNANN N S SN NN AN
SSNNNNANNAN NS S ////////V,\\\\\\\'\\\
PNSSSNNNANANANN o p s z,//////{//,\\\\\\\\\\
rcs NN Nt 1 s s o] AN
RNl AR R RS
e o e e e e e . o vvd
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Figure 4: Two vector fields in A2, The left is the conservative vector
field W = ze, + ye,. The right is the non-conservative vector field
W = —ye, + ze,.

We briefly recall the notion of the directional derivative of a function.

Definition 2.16 (Directional derivative) Let f be a smooth function

on A" and v € Tp (A™) a tangent vector to a point P. The directional
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derivative of f at P along v is

Dof(P)=Vf(P) v = %(p)vl+ ot

of
Oxy,

(P)o,. (2.4)

More generally, if W is a vector field of the form (2.3) then the

directional derivative of f along the vector field is

_of of
Dwf = %hl ot oxy,

hn (2.5)

where evaluating at P gives you the directional derivative Dy (p)f(P)
of f at P along W(P).

24y
2

given in Figure 3. For the vector field W(z,y) = ze, + ye,, what is the

Example 2.17 Consider again the function f =

. Its graph is

directional derivative of f along W?

Dwf = ghlJrghQ =z -x+y-y=2a2>+9°
ox y
i.e., the slope of f increases quadratically as we get further away from
the origin.
For the vector field W(x, y) = —ye, + we,, what is the directional

derivative of f along W?

D =w-(=y) +y 2 =0,

i.e., the vector field W matches the levels sets/contours of the function
f. As one moves along the vector field W, the value of f does not

change.

2.3 Differential 0-forms and 1-forms
2.3.1 Definitions

Differential forms are a very powerful, and yet subtle, approach to multi-
variable calculus and differential geometry. Their purpose is to unify
methods of integrating over curves, surfaces and multi-dimensional ob-
jects, as well as providing an approach that is independent of choosing
coordinates in the space. Unfortunately, their full power is outside the
scope of this course and will have to be covered in future courses. In-
stead, we intend to give an introduction to 0-forms and 1-forms, with an
emphasis on how to compute with them, and leave the full gory details
for later.

We shall begin by defining 0-forms and 1-forms. We note that the
connection between them shall not be immediately apparent, but will

be covered in Subsubsection 2.3.2.

Definition 2.18 (0-form) A differential 0-form is a smooth real-valued
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function f: A™ — R.

Before introducing differential 1-forms, we consider the following lin-

ear maps on the tangent space

dz;: Tp(A") - R (2.6)

v = Zv,,;e,,;*—> dz;(v) = v;. (2.7)

i=1

that maps a vector to its i'" entry. We call these elementary forms, and

these are going to be our building blocks for differential 1-forms.

Remark 2.19 The classical approach to calculus uses dx; to denote
an infinitesimal in the x; coordinate direction. However, the modern
viewpoint is that dx; should not be an infinitesimal, rather an element

of the tangent space in the x; coordinate direction.

A linear functional f on a vector space V is a linear map that maps
to R. Note that the elementary forms dz; are linear functionals on

Tp (A™), as are linear combinations of them.

Definition 2.20 (1-form) Let g1,...,g, be smooth real-valued func-

tions on A™. A differential 1-form on A™ is a function
w=g1(x1, ..., zp)dzy + -+ gnl(z1, ..., TY)dTy (2.8)

that associates to each point P € A™ a linear functional w(P, —) on its

tangent space Tp (A™)

wP,—): Tp (A") - R
v wP,v) =g (P)de(v) + - + gn(P)da, (v)
We shall sometimes denote this linear functional as wp := w(P, —).

Example 2.21 Consider the 1-form w = zdz + ydy on A?. Then
91(P) = z and g2(P) = y. At the point P = (2,1)7 we get the linear

functional
wp (V) =w(P,v) = 2dz(v) + dy(v)= 2v, + v,
for v =[] €Tp (A?).

Remark 2.22 Just by comparing definitions, we see that 1-forms and
vector fields look like very similar objects. In fact, there is a correspon-

dence between them via

gldwl +-+ .(1'11,(1517'77 < g1€1 + -+ 9n€n.-
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While they look very similar, we reiterate that they are different

objects:
o A vector field assigns to every point a vector of Tp (A™).

o A 1-form assigns to every point a linear functional on Tp (A"™).

2.3.2 Differentiating 0-forms

What is the relationship between differential 0-forms and 1-forms? The
answer is that we can “differentiate” 0-forms via a differential map d to

get 1-forms.

Differential | a | Differential

0-forms 1-forms

Definition 2.23 (Differential of a O0-form) Let f be a O-form on A™.
We define the differential of f to be the 1-form

_9f . of .
df = %dm + -+ D, dz,,. (2.9)

You may have also come across df as the total derivative of f. From
this viewpoint, 1-forms are generalisations of the total derivative, as not
all 1-forms need be of the form df.

Example 2.24 Consider the 0-form on A?

$2+y2
B .

fla,y) =
What is the differential of f7 The differential of f is

_0f4. . 9f
df = a—ldl + 0ydy

= xdx + ydy.

1-forms that can be obtained as the differential of a 0-form are par-

ticularly nice, especially when we begin integrating them.

Definition 2.25 (Exact form) A 1-form w is called exact if there exists
a 0-form f such that w = df.

As an example, note that the 1-form w from Example 2.21, is equal
to the 1-form df from Example 2.24. As w = df, it is an exact 1-form.
Not all 1-forms are exact forms, just as not all vector fields are con-

servative.
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Proposition 2.26 Let w = g1dzy + - -+ gpdxy, be a 1-form on A™. If

w is exact then
O9i _ 995
Ox;  Ox;
Proof. w is exact if and only if it is of the form w = df for some 0-form

V1<i,j<n. (2.10)

f, i.e., g; is of the form
of

gi = oz

If we differentiate g; with respect to some x;, we see that

dg; _ 0 (9f\_ 0 (9f\ _ 0y
8l’j - a’l;’j 8:51 B 8332 61‘]' B (3':131

O

This proposition is useful for trying to rule out whether a 1-form is

exact: if condition (2.10) does not hold then it cannot be exact.

Example 2.27 Consider the 1-form w = Aydz+xdy. When is w exact?
If w is exact, then

0 0

- )\ = /\ =1=—(2).

5 () (@)
Therefore if A # 1 then w is not exact. When A\ = 1, we find w is exact:

it is equal to df where f = xy.

Remark 2.28 Recall that the purpose of differentiating a function is
to give a linear approximation of it at a point. With exact forms, we
can now shed some light on the geometric intuition behind 1-forms.
Consider again the O-form f = "’”2;?’2 from Example 2.24. Its dif-
ferential df = xdz + ydy assigns to the point P = (1,1)T the linear

functional

df(P,—): Tp (A") - R

V= U+ Uy

on the tangent space at P. Figure 5 shows the level sets of this linear
functional on Tp (A™). However, we can also consider the level sets of
f locally around P. We see that by comparing, df(P,—) gives a linear
approximation of f at P. This is essentially the purpose of differentia-
tion.

With this intuition, we can think of an exact 1-form df as encoding
the linear approximation of f at every point P. For a 1-form w is not
exact, it is also encoding many “linear approximations” but there is no

0-form f that can approximated in this way.
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08

Figure 5: The level sets of the function f = Izﬁ in A2 on the left,
and the level sets of the linear functional v, + v, in the tangent space
Tp (A?) for P = (1,1)T on the right.

2.3.3 Applying 1-forms to vector fields

We saw in the definition of 1-forms that if we fix a point P and treat the
tangent vectors as variables, then w(P,—) is a linear functional. What

happens when we fix the tangent vectors and vary the points?

To make this precise, consider a 1-form w and a vector field W defined
by

w=g1(x1, ..., xp)dzr + -+ gn(z1, ..., Tp)da,,
W =hy(x1, ..., xn)e1+ -+ hp(z1, ..., Tpn)en.

The vector field fixes a tangent vector W (P) for each point P. We can
“apply” w to the vector field W to define a function on A™

w(—, W): A" - R (2.11)
P— w(P, W(P)) (2.12)

Using the definition of a 1-form, we can simplify the expression for
w(—, W) down to

w(=, W) =gi(z1, ..., xz)dzi (W) + - - + g (a1, ..., 2p)dz, (W)
=g1(x1, ..o, wp)ha(T, oo, @)+
+ gn(T1, oy TR)hn(T1, ..y Th), (2.13)

as dz; (W) = hi(z1, ..., zy).

Example 2.29 Consider the 1-form w = xdxz 4+ ydy and the vector
field W = —ye, + ze,. Applying equation (2.13), we see that

w(=W)=z-(-y)+y -z=0.
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This seems slightly anticlimactic, but we will show there is some nice
geometry going on in the background here.

Note that something particularly nice happens when w is exact. If
w = df, then evaluating df(—, W) at P gives

0] 0]

the directional derivative of f along the vector field W. From this

point of view, 1-forms are generalisations of directional derivatives of a
function along a vector field.

Example 2.30 Let us reconsider Example 2.29. Recall that w = df
where f = ngyz’ a function whose level sets are circles in the plane.

The graph of f and the vector field W are shown again in Figure 4.

As w is exact, the geometric intuition is that w(—, W) is the direc-
tional derivative of f along W. Note that a point moving around the
vector field W traces out a circle, and on these circles the value of f

does not change. Therefore the directional derivative of f along W is 0,
lining up with our value of w(—, W).
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Figure 6: Recalling the O-form f = =5% and the vector field

W = —ye, + ze,.
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2.4 Curves in A"
2.4.1 Definitions

Aside from points, curves are the simplest geometric objects we can
work with in affine space. This does not mean they are easy: even the
simplest objects have some real complexity to them!
We shall define curves via parametrisation. To do this, recall the

following notation for open/closed intervals:

(a,b)={teR | a<t<b}

[a,b] ={teR | a <t<b}

[a,b) ={teR | a <t <b}

In particular, we note that (—oo, +00) = R.

Definition 2.31 (Curve) Let I C R be an interval of the real numbers.

A curve C'in A™ is the image of a continuous map v : I — A",
C={PeA™ | 3telsuchthat P=~(t)}. (2.14)

The map = is a parametrisation for C.

When working in Cartesian coordinates, it will be convenient to write

our parametrisation maps as

’7"rz<t)
where each ~; : I — R is a continuous map to the reals.

Example 2.32 Consider the parametrisation map

~ 1 [0,27) — A?

acost
— ( ) > . (2.15)
asint
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If we were to compute this parametrisation map, we’d see that the image

of ~ is the circle of the radius a,

C={<$> € A? | m2+y2:a2}. (2.16)
Y

Remark 2.33 The following viewpoint is helpful when considering
parametrisations of curves. If we consider the parameter ¢ as “time”, we
can consider a parametrisation as a point moving along a path in space.

The curve is the path that is traced out by this point moving.

2.4.2 Reparametrisation and orientation

Curves may also be defined as a set of points that satisfy certain condi-
tions or equations. These are sometimes known as implicit curves. If we Wikipedia: implicit curves

want a parametrisation for these curves, we have to pick it ourselves.

Example 2.34 Consider the following curve in A2

C={<x>EA2 | y=x2,0<m<1}.
Yy

Find a parametrisation for C.

We introduce our time parameter ¢ and choose to set © = ¢t. This
implies that y = 22 = t2. Furthermore, as 0 < z < 1, our parametrisa-
tion will be a map from (0, 1). This gives the following parametrisation
of C":

"}’12(071)%.&2
t
t— 2l

However, this is far from the only parametrisation. We could instead
choose to set y = t, implying that x = ﬁ As 0 <z =/t <1, we have

the same interval (0, 1), and so we get a different parametrisation of C"

~2: (0,1) — A?

- (%)

To verify that 4, and ~, are different parametrisations, consider the
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corresponding points they map to at “time” t = %:
1 L 1 -

71 <2> = (f) Y2 (2) = <\{> .
1 2

We would like a way to see when two parametrisation maps give

[\v]

rise to the same curve. Furthermore, we would like a controlled way of
transforming one parametrisation into another. Both of these can be

accomplished via a reparametrisation map.

Definition 2.35 (Reparametrisation) Consider the parametrisations
1 : 11 = A" and ~5 : I, — A”. We say that s is a reparametrisation
of 71 if there exists a smooth bijective map ¢: Iy — Iy such that V¢ € Iy:

o 7i(t) = 7(e(t)),

d
. Tf#o.

We call ¢ a reparametrisation map.

The intuition we should have behind this definition is that ¢ “de-
forms” the time interval I into Is. The first condition states that this
deformation makes the two parametrisations equal, implying that they
must parametrise the same curve. The second condition states that this
deformation cannot “stop time” in one of the intervals, and will have

more implications when considering the orientation of curves.

Example 2.36 Recall the two parametrisations 1,72 from Exam-
ple 2.34. These give rise to the same curve, and seem relatively well
behaved, so we expect 2 to be a reparametrisation of ;. Show that
72 is a reparametrisation of ;. It turns out that they are via the

reparametrisation map

v:(0,1) = (0,1)

t—t2

Note that ¢ is smooth and bijective, and satisfies the conditions in Def-
inition 2.35:

(Ve (Ve [t
Y2((t) = ( (1) ) = (tQ ) = <t2> =7(t)

de
— =2t>0 Vit 0,1

Note that if we extended the domain of 1,72 to [0, 1], then this would

no longer be a parametrisation map, as ?Tf is equal to zero at t = 0.
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Example 2.37 We can introduce a third parametrisation of C' via the

reparametrisation map

™

b (0,5) ~(0,1)

t—sint
We define «3 by deforming the parametrisation v, via :
Y3 (0, g) — A2

t s (L) = (sint)

sin? ¢

Note that =3 is clearly a new parametrisation as its domain is a different

interval to 1 and ~s.

Remark 2.38 In Example 2.37, as the map 1 goes between I3 to Iy,
the reparametrisation process deforms -3 into ;. Therefore we say that

71 is a reparametrisation of «3. This may seem counterintuitive, as we

had to define ~y3 via ;. We are actually doing the following: as we know
the behaviour of «; and as 1 is bijective, we can look at its inverse to

see what the behaviour of 3 must be to deform into ;.

If a curve has endpoints P, Q, a parametrisation can traverse the
curve either from P to Q or from Q to P. While these two parametri-
sations give rise to the same curve, it is helpful to distinguish that they
traverse the curve in opposite directions. This gives rise to the notion

of the orientation of a curve.

Definition 2.39 (Orientation of a curve) Let ~;: ;7 — A",
~2: Is — A™ be parametrisations with a reparametrisation map ¢: I; —
L.

o We say 1,72 have the same orientation if ‘iji>0

o We say 1,2 have the opposite orientation if ?Tf < 0.

An orientation of the curve C' is an equivalence class of parametrisations

with the same orientation.

As with orientation of bases, the parametrisations of a curve with the
same orientation form an equivalence class. Picking a parametrisation
for a curve fixes its orientation: if we want to reparametrise and preserve

orientation then we must remain in this equivalence class.

Example 2.40 The parametrisations 71,2 from Example 2.36 have
the same orientation as the reparametrisation map ¢ has positive deriva-
tive for all ¢ € (0, 1). Intuitively this makes sense, as they both begin at
the point (§) and end at the point (}).
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Consider another parametrisation <4 of C defined by the

reparametrisation map £ and deforming in ~y;:

€:(0,1) = (0,1) ~4: (0,1) — A?

o1t o m(E() = <(11_,f>2>

Does it have the same or opposite orientation as 1?7 ~4 has the opposite

orientation to i, as % = —1. This matches with the intuitive notion

of orientation, as 4 begins at the point (1) and ends at the point ().

2.4.3 Differential properties of curves

To define the correct notion of a tangent vector and tangent space to a

curve, we need to go via wvelocity vectors.

Definition 2.41 (Velocity vector of a parametrisation) Let~y: I — A"

be a parametrisation for a curve C. The velocity vector of v at the point

~(to) is
71 (to)

Yto)=1| |, 7o) =
Y, (to)

d’\/,
dt |,_

(2.17)

to

Remark 2.42 The name velocity vector comes from the idea of a
parametrisation v being a point moving through space. The velocity

vector v/ (tg) is precisely the velocity of the point at time t.

Note that we can consider 4/(t) as a vector field on the curve that

assigns to every point v(¢g) its velocity vector v/(to).

Example 2.43 Recall the parametrisation « of the circle with radius

a from Example 2.32,
~:[0,27) — A?
acost
— ( ) > . (2.18)
asint

What is the velocity vector of « at time 7

The velocity vector of v at time t is

v (t) = [%(acost)l _ [—asint] .

gi(asint) acost

As a vector field, 4/(t) assigns to every point a vector “tangent” to the

circle with magnitude a, see Figure 7.
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Figure 7: The velocity vectors of the parametrisation from Example 2.43.

A velocity vector is always tangent to the curve at that point. Sup-
pose we reparametrise C', what happens to the velocity vector at a point?
The magnitude of the velocity vector may change, but the direction (up

to sign) will stay the same.

Definition 2.44 (Tangent vector and space to a curve) A tangent vec-
tor to C at P is a velocity vector v/(tg) such that « is a parametrisation
of C and P = ~(ty).

The tangent space to C at P is the set Tp (C) of tangent vectors to
C at P.

Note that Tp (C) C Tp (A™): the tangent space to a curve is a
subspace of the tangent space to A”. We shall always consider velocity

vectors in the tangent space to the curve it parametrises.

Example 2.45 Let C be the circle of radius ¢ and the point
P = (—a,0)" on it. Reconsider the parametrisation v of C given in
equation (2.18). Is its velocity vector a tangent vector?

We have P = ~(t) at time ¢ = m. Therefore, its velocity vector

—asinm 0
acos T —a

is a tangent vector to C' at P.

€Tp (C)

We consider a different parametrisation v of C' via the reparametri-

sation map ¢:

2T

~ 27 n
p: {0, k)%[O,Qﬂ') ~: [O,k> — A

t s kit £ y(p(t) = (a COS(kt))

asin(kt)

where £ € R\ 0. Note if & < 0, then 2?” < 0 and so we rewrite the

interval as (27” , O] .
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Is 4 a tangent vector? We have P = () at time ¢ = 7, and therefore
we have
_ —kasinm 0
¥ (m) = = €Tp (C)
kacosm —ka

is a tangent vector to C' at P. As k can be any nonzero real number, the

0
tangent space to C at P is the 1-dimensional vector space span < [ 11 ) .

While curves are some of the simplest geometric objects, they can
still get quite horrible to work with if we are not careful when picking

parametrisations.

Definition 2.46 (Smooth parametrisations and curves) Let~y: I — A"
be a parametrisation for a curve. We say - is smooth if every v;: I - R
is smooth, i.e., % is well defined for all positive integers k and for all
tel

A curve C is smooth if it has a smooth parametrisation.

Example 2.47 Consider the curve C from Example 2.34, but with the
endpoints included. Is the parametrisation of C'

Y1 [0, 1] — AQ

-0

smooth? is smooth as all derivatives of ¢ and t? are well defined on [0, 1].
Therefore C' is a smooth curve.
Is there (another) parametrisation of C' that is not smooth?

The parametrisation

~2: [0,1] — AZ

()

is not smooth as % (\/17) = %ﬂ is not defined at t = 0.

Example 2.48 Consider the curve

() -0}

Is this curve smooth?
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This curve is not smooth as the derivative of y with respect to z is
not defined for z = 0:

1 x>0
d
LA -1 <0

o
undefined z =0

Therefore for any parametrisation v = <%E> of C', we have
Yy
dy dydx
") = 2L = 2L~
WO = T dw @

is also undefined.

Definition 2.49 (Regular parametrisation) A parametrisation - is
regular if v'(t)# 0 for all t € 1.

Note that all curves we will consider will always have a regular

parametrisation.

Example 2.50 Consider the parametrisation

~: [0, 7] — A?

_ () = cost
._><smt>’ v 2sintcost|

sin? ¢

This is a parametrisation for the curve C from Example 2.34, but with
the endpoints () and (1) included. Is this parametrisation regular?
This parametrisation is not regular as the velocity vector /(%) = 0
is zero at t = 5. The geometric intuition is that the parametrisation
traces C from (§) to (1), but then changes direction and traces back
to (3). As a result, we cannot define the orientation of a non-regular

parametrisation.

Finally, we would like to know how a O-form f changes as we follow

a curve.

Definition 2.51 (Directional derivative along a curve) Let C' C A™ be
a curve with parametrisation . Let f : A — R a O-form, the directional

derivative of f along ~y is

d

Do f=—
v T dt

(f(v(#))) (2.19)

Recall that 4’ can be considered a vector field on C' that assigns to
every point its velocity vector. The notation D, f hints that this should
be the directional derivative of f along the vector field v'. As z; = ~;(¢),
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we can use the chain rule to show this is true:

d

Dyf = S(F)
v Of
o or o 9f
— RO+ ) (220)

and so D~ f is just the directional derivative of f in the direction of the

velocity vector.

Remark 2.52 In general, the directional derivative along a curve is
sensitive to which parametrisation we pick. If we pick a parametrisation
that traverses the curve much “faster”, the magnitude of the velocity vec-

tors will be greater, therefore the directional derivative will be greater.

Page 66



Week 8

2.5 Integration of 1-forms over curves

In Subsubsection 2.3.2, we showed how 1-forms could arise as the differ-
ential of a O-form. Intuitively, we should also have an inverse operation
that allows us to integrate a 1-form. This is precisely what we consider
in this section.

We shall only consider integration of 1-forms over curves. The reason
for this is a 1-form w requires a point P and a tangent vector v to give
back a real number w(P,v). Curves with a parametrisation have all this
information, as each point has a velocity vector already associated to it.

Let w = g1dzy + -+ + gpdx, be a 1-form and v : [a,b] = A" a
parametrisation of a curve C'. We can apply w to the parametrisation -

by evaluating at the point «(¢) with velocity vector v'(t):
(V0,7 () = 3 g:(v(B)dzi (v (1))
= Z gi(v()i(t).

Note that if w = df is exact, this is the directional derivative of f at

~(t) in the direction of the velocity vector ~(t).

Definition 2.53 (Integration of 1-form over curves) Let w = g1dzy +
-+« +gpdx, be a 1-form and v: [a,b] — A™ a smooth, regular parametri-

sation of C'. The integral of w over C' is

b n _
= / (Z gi(n(®), ... wn(t))(il;l> dt (2.21)

Remark 2.54 The same definition holds if our curve is defined over
an open interval (a,b), as removing a finite number of points from the

curve does not impact the integral.
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Example 2.55 Consider the 1-form w = zdz + ydy and the curve

C:{<x> € A? | y:x2,0<x<1}.
Y

Compute the integral [, w.

We have computed plenty of parametrisations of this curve, so we

consider the parametrisation

~1:(0,1) — A? '
t&—><t>’ Wi(t): [2;|
tQ

We feed this into equation (2.21) to obtain

. 1 1 ‘ t2 t4 1
/xdx+ydy:/ t-1+t2-2tdt:/ t+2t3dt:[+} =1
C 0 0 2 2 0

We have computed lots of parametrisations of C, so a natural ques-
tion is how does this integral change if we change the parametrisation?
The following theorem shows that if we fix the orientation of C, the

value of the integral does not change.

Theorem 2.56 Let C' be an oriented curve. The integral fcw does

not depend on the parametrisation of C.

Let C’ be the curve C with the opposite orientation. Then

Lo

Example 2.57 The first part of Theorem 2.56 states the value of f oW
does not change if we reparametrise C' while preserving orientation. We

shall verify this for the curve C and the 1-form w from Example 2.55.

We consider another parametrisation of C|
Y3 (0, g) — A2

() = cost
tH(smt) L 2sintcost|

sin ¢

Do we get the same value of [ cw? We have computed previously that

~3 has the same orientation as ;. By Theorem 2.56, we expect that
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fc w will be equal to 1 if we calculate it via ~s.

7
/:L'da:—l—ydy:/ sint-cost +sin®t - 2sintcostdt
c 0

z
:/ sintcost + (1 — cos®t) - 2sint cost dt
0

3
= / 3sintcost — 2sintcos’ ¢ dt
0
3 1 2
= |Ssin®t+ —costt| =1
2 2 0
We do get the same outcome with this different parametrisation. How-
ever, the integral is a bit trickier to compute: picking the correct

parametrisation can make our lives much easier!

Example 2.58 The second part of Theorem 2.56 states that if we
consider the integral C' with the opposite orientation, we just need to
flip the sign on the value of the integral. Again, we shall verify this for
the curve C' and the 1-form w from Example 2.55.

Consider another parametrisation of C:

va: (0,1) — A?

P !
i—)(l_t2>7 74(t)_l2t_2]'

(1—1)

Do we get the opposite value of fc w? We have previously computed
that ~4 has opposite orientation to ~;. By Theorem 2.56, we expect

that fc w will be equal to —1 if we calculate it via ;4.
1
/ a:dm+ydy:/ (L= t) (1) + (1— )2+ (2t — 2) dt
c 0
1 «
:/ 23 — 6t + 7t — 3 dt
0

— =234 — =3t =-1
2 5

{ﬂ 712 !
0

The full calculation verifies this: changing the orientation of C' simply

changes the sign.

2.6 Integrating exact 1-forms

When we defined exact 1-forms, we noted that they would be particularly
nice when it came to integrating them. The following theorem is the

reason for this:

Theorem 2.59 Let w =df be an exact 1-form and C' a curve in A™.

The integral of w over C depends only on the value of f at the endpoints
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of C.
Explicitly, for a parametrisation v: [a,b] — A™ of C, the integral of
w over C'
[ = 1) = st (2:22)
Proof. Recall that is w = df is exact, then df(P,v) is just the direc-
tional derivative of f at P along v. In particular, df(v(t),~'(t)) is the

directional derivative along f along <. Therefore

b , b b d
Lar=[Careoy o= [ Dy [ Lo

- / F(1) = FA®) = (b)) — F(v(a)).

O

Example 2.60 If we reconsider the 1-form from Example 2.55, we have
already seen that this is an exact 1-form whose corresponding 0-form is
f= 30224?’2 Considering the curve C' from the same example, what is
Jow? Tts endpoints are () and (1), therefore by Theorem 2.59 the

integral of w = df over C is

o (O)A()- 5252

Clearly this makes exact 1-forms far easier to compute with!

Remark 2.61 As the integral of exact 1-forms depends only on the
endpoints, we do not care what path the curve takes between those

endpoints, it will have no impact on the value of the integral.

We call a curve closed if its endpoints are the same point. For exam-
ple, circles and ellipses are both closed curves, as are any deformations

of them. Exact forms are even easier to integrate over closed curves.

Corollary 2.62 If C is a closed curve and w an exact 1-form, then

Jow=0.
Proof. As C'is closed, its endpoints «(a), v(b) are equal and so f(y(a)) =
f(~(b)) for any O-form f. Using this and Theorem 2.59, we have

/ w= f(v() - f(x(a) =0.
C
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3 Conic sections

In this section we consider very important curves that you have no doubt
encountered before: ellipses; hyperbolas; and parabolas. We will begin
with the geometric definitions of these curves, we will follow this with the
algebraic definitions in terms of both Cartesian and polar coordinates.
These curves can all be realised as sections of a cone and are there-
fore collectively known by the name conic sections, see Figure 17. We
will revisit conic sections again in Section 5 when we review projective

geometry, giving a more modern perspective on these curves.

3.1 Geometric definitions

Geometrically we define an ellipse or hyperbola, as the locus of points
that satisfy some geometric condition with respect to a pair of points
called the foci (or sometimes focuses) of the curve. Similarly, we define
a parabola as the locus of points that satisfy a geometric condition with
respect to a single focus and a line called the directriz.

The following geometric definitions take place in affine space. Recall
that for a point P in A" and a vector v € E" we can add the vector
to the point to get a new point in affine space: P + v € A™. In fact,
for each pair of points P, Q € A" there is a unique vector v € E" such
that P + v = Q. Thus, although there is no addition of points in affine
space, there is a concept of subtraction. The notation Q — P, is really
a shorthand meaning: “the vector v for which P + v = Q”.

The definitions that follow involve distances between points in affine
space. As there is a unique vector from P to Q, we use this vec-
tor to define the distance between points. Using the idea of subtrac-

tion of points above, we can denote the distance between P and Q as

1Q-P| =[P -Qll

Definition 3.1 (Ellipse in the affine plane, see Figure 8) Let F; and
F, be two points, called foci, in the affine plane A% and let ¢ € R be
half the distance between the two foci: [|Fo — Fy| = 2c.

Then for each constant a > ¢ > 0 we define the ellipse with foci Fq,
F5 and with distance 2a to be the set of points P, such that the sum of

the distances of P to each focus is 2a:
Ellipse = {P € A* | |F; — P| + ||[F; — P|| = 2a}. (3.1)

If F; and F5 are the same point then this is simply the circle with centre

F; and radius a.

Remark 3.2 Notice that if we allowed a = ¢, then this definition would

degenerate to the line segment from F; and F5; whilst with a < ¢, no
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IFy — P + [[F2 — P| = 2a

Figure 8: An ellipse with foci F; and Fy and distance 2a.

points would satisfy the condition.

Definition 3.3 (Hyperbola in the affine plane, see Figure 9) Let Fy
and Fy be two points in the affine plane A2, and let ¢ € R be half the
distance between the two foci.

Wikipedia: hyperbola Then for each constant a, with 0 < a < ¢, we define the hyperbola
with foci F1, Fo and with distance 2a to be the set of points P, such
that the absolute difference between the distances of P to each focus is
2a:

Hyperbola = {P € A* | |[F; — P| — [[F; — P|| = +2a} . (3.2)

[F2 —P/|| — [[F1 — P'| = 2a

[F1—P | —|F2—P | =2a

Figure 9: A hyperbola with foci F; and F5 and distance 2a.
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Remark 3.4 Notice that if we allowed a = ¢ then this would degener-
ate to the union of two half-lines: the first beginning at F; and extending
infinitely away from Fj; the second beginning at Fy and extending in-
finitely away from F;. On the other hand, if we allowed a = 0 then this
would degenerate to the perpendicular bisector of the line from F; to
Fs.

Definition 3.5 (Parabola in the affine plane, see Figure 10) Let F be
a point, called a focus, in the affine plane A2, and let { be a line, called

the directriz.

Then we define the parabola with focus F and directrix [ to be set
of points P, such that the distance between P and F is equal to the
distance between P and [. Denoting the closest point on the line [ to

the point P by lp we have

Parabola = {P € A* | |[F —P| = |ip — P||}. (3.3)

[F —P| = [lip - P

¢
Figure 10: A parabola with focus F and directrix [.

3.2 Algebraic definitions

In this section we will give algebraic expressions for ellipses, hyperbo-
las and parabolas. In order to give these expressions we must use a
coordinate system for affine space; initially we will restrict ourselves to
Cartesian coordinates. Recall from Example 2.4 that we can specify a
Cartesian coordinate system by selecting a point O € A™, called the

origin, and selecting an orthonormal basis (e, ..., e,) for E™.
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3.2.1 Expression for an ellipse

We shall first derive an equation for the ellipse. Let C be an ellipse
with foci F1,Fo € A% and distance 2a € R. We first need to define a

Cartesian coordinate system: O, (e,,e,) (see Figure 11)

e Let the origin be the point half way between F; and Fs:

F, - F
0=F + g
2
¢ Let the first basis vector be a unit vector in the same direction as

the vector from Fy to Fa:

F, - F,

e, = — .
[F2 — Fq

o Let e, be either of the unit vectors orthogonal to e,.

(z + c)es + ye

Figure 11: An ellipse shown against a Cartesian coordinate system.

Letting 2¢ be the distance between the two foci, we can express the

F; and F5 using this coordinate system:
Fi =(—c¢0) Fy = (c,0).
Let P = (z,y) be a point on the ellipse. Then by definition

20 = [P — Fy[[ + [P - F|
= [[(z + c)ex +yey[| + [|lz — ces + ye, ||
= V(@ + o2 +y*+ /(@ -0 +y?
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Rearranging slightly and taking squares we have

@+cﬁ+y%=(M—-(x_@2+¢f

;Z+2xc+/+;/z:4a274a\/(x—c)2+y2+,zz72xc+/+/

2zc = 4a® — dar/(z — ¢)? + 42 — 2xc

Rearranging and taking the square a second time leads to

dar/(z — ¢)? + y? = 4a* — 4ac
far/@— 7 + 7 = A(a? — 20)
2 ) 5
(a (x—c)? + y2) = (a® — zc)
a’ (x2 —2zc+ 2+ y2) =a* — 2a°zc + 222
a’x? — 2a%7C + a®? + a?*y? = o* — 2°TC + 222

a2x2+a202+a2y2 :a4+1‘262

Letting b* = a® — ¢? (which we can do since a > ¢), we can rearrange

the equation above to find

(@2 — A)z? + a%y? = o — a2,

p2a? + a2y? = a2b?

We have proved that every point on the ellipse satisfies the equation

£C2 y2
StE =L (3.4)

We now show the converse: that any point satisfying equation (3.4) lies

on the ellipse.

Let Q be the point with coordinates (z,y) and assume that these
values satisfy the identity of equation (3.4). Then

2
2 2 <

We wish to calculate the distances between Q and the foci F; = (—¢, 0)
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and Fy = (c,0). Recall that a? = b + ¢2.
Q=P = Vit o T 7

B ————

) b2x2
= \/172+20x+cz+b2—§
a

b2\ .
\/(1—2)1‘2—1—2(3174-(12—&-[)2
a N——
N - ) 2

a

Now since 0 < ¢ < a and |z| < a we see that
c
IQ—Fi =z +a (3.5)

A similar process for the distance to Fo shows that

1Q — Fyf (r—c)?+y?

2.2
c2x .
—5 — 2cx + a?
a

Putting this together we see that
c c
|Q-Full +11Q - Fll = (Sa+a) + (a = Zx) = 2a.

Using the analysis above we come to the algebraic definition of an

ellipse.

Proposition 3.6 (Equation of an ellipse) Let C be a curve in A%. The
curve C is an ellipse if and only if there exists a Cartesian coordinate

system (x,y) of A% and real numbers a > b > 0 such that

332 2
(ﬁ{@weﬁﬁ+;—%. (3.6)

Moreover, a € R is exactly as in Definition 3.1; and if 2c is the

distance between the foci then b? = a® — 2.
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Just as we derived an expression for an ellipse in terms of a Cartesian
coordinate system we can do the same for hyperbolas and parabolas. We
leave the required analysis as an exercise in each case and merely present
the definitions.

Proposition 3.7 (Equation of a hyperbola) Let C' be a curve in A2.
The curve C' is a hyperbola if and only if there exists a Cartesian coor-

dinate system (z,y) of A% and real numbers a > 0, b > 0 such that
22 2
= A | -2 =15,
c={@nen | L% -1}

Moreover, a € R is exactly as in Definition 3.3; and if 2c is the

distance between the foci then b* = c? — a?.

Proposition 3.8 (Equation of a parabola) Let C' be a curve in A2. The
curve C is a parabola if and only if there exists a Cartesian coordinate

system (z,y) of A% and a real number p > 0 such that
C={(zy) € A% | 7 = 2px}.

Moreover, p € R is the distance between the directrix and the focus.

It is useful to compile all the relevant details, which we do in the

following table.

Geometric Algebraic Parameters
) 2 y? 2¢c=|F2 — Fqf;
Ellipse |[F1 =P+ [F:—P||=2a | -+ % =1 | |
a b B2 — a2 — 2
2y 2¢ = ||Fa — Fy;
Hyperbola | [|[F; —P| - [Fs —P|| =20 | 2 - % =1
a b B2 — 2 _ g2
Parabola |IF —P| = |ip — P y* = 2px p=|F—Ip|

Table 1: A comparison of the geometric and algebraic definitions of the
ellipse, hyperbola and parabola.
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3.3 Polar coordinates

The algebraic expressions from the preceding section suggest a connec-
tion between the three types of curves. The first observation is that all
the curves are described by quadratic expression, but looking closely we
see that if we were working with complex numbers then (after substi-

tuting b with 4b) ellipses and hyperbolas have the same expression.

In this section we will look at expressions for these curves in terms
of focal polar coordinates, that is polar coordinates where the origin is
a focus for the curve. This will highlight a deeper relationship between

the curves and introduce the notion of eccentricity.

3.3.1 Ellipse or hyperbola

We begin with a treatment of the ellipse and hyperbola together. Let
the origin O = F, be the first focus and let § = 0 indicate a direction
towards Fs. Let P = (r,0) be a point on the curve C, which is an ellipse
or a hyperbola. For each 6 there are two choices of r that give a point on
the curve C. In the case of the ellipse we may always assume that > 0,
see Figure 12. In the case of the hyperbola things are slightly more
complicated, here we say either: P is closer to F5 and r > 0; or instead
P is closer to F; and r < 0, see Figure 13. Therefore we have two cases
for the hyperbola. Note that making the opposite choice would lead to
a different, but perfectly good equation for the curve C.

P

K 2a — 1\

\
\
O = F1 2c F2

Figure 12: The radial distance r and angle 6 for a point on an ellipse.
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Figure 13: The radial distance r and angle 6 for points on a hyperbola.
In the left-hand diagram r > 0, whilst on the right r < 0.

We can now apply the cosine rule to the triangle formed by the points
F1, F5 and P to deduce that

(2a — )% = r* + 4¢® — 4ercos b (ellipse or hyperbola case 1)

(2a —1)? = r* + 4c® + 4ercos(m — ) (hyperbola case 2).
But since cos(m — 0) = — cos 8 these are the same and we have

4a® — dar +r* = r? + 4¢® — 4der cos O

= a’>—ar=c®—crcosf
= r(a—ccosf) =a*—c?
a? —c?
= r=——-:
a— ccosb

(12—02 (&)

Letting p = and e = £ we say that the equation of the ellipse

in polar coordinates is

p

"T 1 T ccost

(3.7)

The parameter e is called the eccentricity of the curve and notice that
for an ellipse 0 < e < 1, whilst for a hyperbola e > 1. In particular, if

e = 0 then ¢ = 0 and C is a circle.
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3.3.2 Parabola

The derivation of polar coordinates for a parabola is slightly simpler
than for the other types of curve. In this situation we let the origin be
the focus O = F, and say that the § = 0 direction is away from the
directrix. As in the algebraic expression we say that the distance from

focus F to directrix [ is p.

p—+rcosf

Figure 14: The radial distance r and angle 8 for a point on an parabola.

Let P = (r,0) be a point on a parabola C. The distance from P to
the directrix is p + rcosf. The distance between P and F is simply r.

Thus we have

p

r= rcost = r=-——.
ptreost 1 —cosé

Notice that this matches equation (3.7) with e = 1, which is exactly the

value of the eccentricity that we were missing.
Proposition 3.9 Let C be an conic section. There exists a polar co-

ordinate system (r,0) of A% with origin a focus point, and parameters
p,e € R with e > 0 such that

1 —ecosb

C:{(T,H)EAZ | r:p}. (3.8)

Moreover, e is called the eccentricity (see Figure 15) and

e=0 = (' is a circle;
0<e<l1 = C isan ellipse;

e=1 = C is a parabola;

e>1 = C is a hyperbola.

If C is a parabola then p is the distance between the focus and directriz.

If C is an ellipse (including a circle) or a hyperbola then the distance

between focus points is |2¢|, and the defining distance of the curve is |2al
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where
p pe
a:m C:1_62. (39)
OO =) ) ) |
e=20 e:% e:% e:% e:g e:% e=2

Figure 15: The conic sections shown with fixed distance 2a, and in order
of increasing eccentricity. The parabola (with e = 1) is not included as
this has “infinite” distance.

0O () ¢

e =

5 e=2

Figure 16: The conic sections shown with fixed focal parameter, /e, and
in order of increasing eccentricity. The circle (with e = 0) is not included
as this has “infinite” focal parameter.

As a final remark to this section we address why ellipses, hyperbolas
and parabolas are called conic sections. This is because all these curves
are exactly given by the section of a cone passing through a plane. The
type of curve, is dependent on the gradient of the plane with relative to
the gradient of the cone. A plane with a smaller gradient intersects the
cone in an ellipse; a plane with an equal gradient intersects the cone in
a parabola; and a plane with a steeper gradient intersects the cone in a

hyperbola. See Figure 17.

Figure 17: The curves formed by a plane intersecting a cone. On the left
is a plane with a shallow gradient, giving an ellipse as its conic section.
In the middle the plane has an equal gradient to the cone and intersects
in a parabola. On the right the plane has a steeper gradient, producing
a hyperbola.

Page 81



Wikipedia: affine transformation

Simon Peacock and Ben Smith MATH20222: Intro to Geometry

4 Affine transformations

In this section we look at affine transformations; these are maps that
act on affine spaces in a similar way to linear operators acting on vector

spaces.

Definition 4.1 (Affine transformation) Let A™ be an affine space. A
function f: A™ — A™ is called an affine transformation if the following
properties hold for all P, P5, Q1 and Q5 in A™:

(1) the vectors Po — Py and Qo — Q; are linearly independent if
and only if the vectors f(P2) — f(P1) and f(Q2) — f(Qq) are

linearly independent;

(2) if (P2 —P1) = A(Q2 — Q1)# 0 for some value A € R then

fP2) = f(P) = A{(Qa) - £(Qu)£ 0

Remark 4.2 Two vectors are linearly dependent if and only if they are
scalar multiples of one another, thus P, — P; and Q2 — Q1 are linearly
dependent if and only if the line segment from P; to P» is parallel to the
line segment from @1 to Q2. Using this we can paraphrase the definition

as:

(1) line segments are parallel if and only if their images under f are

parallel;

(2) the map f scales parallel line segments by the same amount.

Recall that to each affine space A™, there is an associated vector
space E™. Similarly, to each affine transformation of A™ there is an

induced linear operator acting on E”.

Proposition 4.3 Let f: A" — A™ be an affine transformation and let
O be a chosen origin in A™. The induced map F: E" — E" given by

F(v) = f(0O+v)-f(0O)

is an invertible linear operator of E™, and is independent of the choice
of origin.
Proof. First notice that for any vectors v,w € E™ and scalars A\, p € R

we have
(O+puw) =0 =pw=(0+puw+ Av) — (O + Av)
and so

fO+pw) — f(O) = f(O+ puw+ Av) — f(O + Av).
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Furthermore, by condition (2) in Definition 4.1, for any vector v € E"

and scalar A € R we have

(O+XAv)—0=X((0O+v)—0)
= f(O+XAv)— f(O)=A(f(O+v)—-0)

We use this to show that the map is linear

FOW + pow) = £(0 + (v + aw)) — £(0)
= (/0 +2v) = (0)) + (J(O + Av+ pw) = F(O + Av))
= (/0 +2v) = (0)) + (f(O + pw) - 1(0))
= A0 +v) = (0)) + u(f(0 +w) - 1(0))
= AF(v) + uF (w).

To see that the map is independent of the choice of origin we note
that for any P € A"

(P4+v)-P=v=(0+v)—-0
and hence
f(P+v)—f(P)=f(O+v)—f(O)=F(v)

Finally, to see that the map is invertible we need only show F(v) = 0
implies v = 0, and then appeal to the rank-nullity theorem. This is clear
from the Definition 4.1 (2) since

v=(0+v)—0#0 and F(v)=f(0O+v)—f(0)=0
is forbidden. O

The only additional information required to recover the affine trans-
formation from its induced linear operator is the image of a single point,

usually the origin: O — O +r.

Proposition 4.4 Let f: A — A™ be an affine transformation. Let F
be the induced linear operator defined in Proposition 4.3. Fix any point
O € A" and let O’ = f(O) be its image under f. The map f can be
expressed in terms of F and O’ by

f(P)=0"+F(P - 0).
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Proof. This is immediate from the definition of F' since
F(P—0)=f(P)- f(O)=f(P)-0O" O

It is now clear that having fixed any origin O for affine space, an
affine transformation can be expressed in terms of a linear operator
together with a translation of the origin. Conversely, given any invertible
linear operator and a translation we can construct an associated affine

transformation. This leads to an alternative definition:

Alternative Definition 4.5 (Affine transformation) A map
f: A™ — A™ is called an affine transformation if there is a point O € A"
(the origin), a translation vector r and an invertible linear operator
F: E™ — E™ such that for any point P € A™

fP)=0+FP —-0)+r.

Example 4.6 The affine transformation f is made up of a rotation
about O by ?jf radians and a translation by r = —3y. The movement

of the white king is indicated in the diagrams.

Example 4.7 If we express the map f from Example 4.6 with respect
to a different origin, the linear map R;T« remains the same but we must
change the translation. For example, if O’ = O + 2x + 2y is the new
origin then we must instead translate by the vector s = —2/2x — 3y.

The movement of the previous origin O is indicated in the diagrams.
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Proposition 4.8 An affine transformation f: A2 — A2 is determined
by the image of any three non-collinear points.

Proof. Let O, Py and P4 be three points that do not lie on the same line.
Let e; = P; — O and e; = P, — O, so that B = (e, es) is a basis for E2.
Any linear operator is determined by the image of a basis, therefore the
linear operator F, induced by f is determined by F(e;) = f(P1) — f(O)
and F(e3) = f(P3)— f(O). Now we can use the fact that f is determined
by F and a translation, which we can determine using the image of any

of our three points. O

4.1 Matrix of an affine transformation

Just as we have matrix representations of a linear operator, which make
calculations convenient, we can define a matrix representation of an
affine transformation. Instead of the matrix being defined with respect
to just a basis, we also need to pick an origin for the representation. The

pair of a basis and an origin is called a frame for the affine space.

Definition 4.9 (Frame) Let A" be affine space and let E™ be its asso-
ciated Euclidean vector space. We call any pair F = (BB, O), consisting
of a basis B of E™, together with a point O € A™ a frame for A™.

Example 4.10 A Cartesian coordinate system of A™ is a frame in

which the basis is orthonormal.

A frame is convenient as it allows us to represent both points and
vectors in column vector notation. We do this by adding an additional
entry (row) to our vectors that is 0 in the case of vectors and 1 in the

case of points.

Definition 4.11 (Vectors and points with respect to a frame) Let
A" be an affine space and E™ its associated vector space. Let
F = ((el, ceey €n), O) be a frame for A". Let v =vie; +---+v,e,, be
a vector in E™ and let P = O + v be a point of A™. Then we denote v
and O with respect to the frame F by

T B T L (M),
0 1
| 0] 1

Note that the choice of bracket is simply an additional aid to help

distinguish points from vectors and is not of practical importance.

Definition 4.12 (Matrix of a affine transformation) Let f: A™ — A"

be an affine transformation and F = (B, 0) be a chosen frame for the
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affine space, with B = (eq, ..., e,). Let F: E® = E" be the induced
linear operator of f and F(e;) = ai,e1 + -+ + an €, for each basis
vector e; in B. Let f(O) = O + b, where b = bje; + -+ + bye,.

Then the (augmented) matriz representation of [ with respect to F

is

i ai1 1.2 e a1.n bl )
az.1 a2 2 .. A2n b2 [F] [b]
B B
] o 1] (4.2)
n1 Gn2 --- Qnn | by
00 0 |1 |

Note that the dividing lines in the matrix are not strictly necessary
and are included for illustrative purposes. These lines will be dropped

in most situations.

Notice that, just as with the matrix of a linear operators, matrix

multiplication takes the place of applying the either of the maps f or F'.

Remark 4.13 Multiplication of the matrix representation of f with a
vector is equivalent to applying the linear operator F' to the vector: let

w =) w;e; € E"” be a general vector. Then

_al,l a1.2 a1n bl_ wl_
a1 422 a2.n by w2
[f]]-‘ [W}}' =
Gn,1  Qan2 Ann bn Wn,
| 0 0 0 11 10]
_[1F)s s
i 0
_[F(w)s
i 0
= [F(w)]z

Remark 4.14 Multiplication of the matrix representation of f with

a point is equivalent to applying the affine transformation to the point:
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let P=0+w=0+ > w;e; € A" be a general point. Then

a1 a2 ... Gin b1 wy
a1 Q22 ... 0G2n bo %)
[ﬂ}‘(P)}':
Gp,1 QAp2 ... Gpn bn W,
_O 0 0 1_ 1
_ (F(w)]s + bl
1
= (f(P)) £

Example 4.15 The affine transformation f, of Example 4.6 was given
with respect to a basis B = (x,y) and an origin O. Let F = (B,0) be
the frame determined by these data and recall that f was given by a
rotation of %’T about O followed by a translation by —3y. What is the
matrix of f with respect tot he frame F7 The matrix of f with respect

to the frame F is

3 3

cos < — sin = 0 % 7% 0
[f]}. = | sin 3{ cos ?jf -3 | = %+ -3
0 o |1 0 0 1

This matrix is far more convinient for calculations. For example, we

can find a fixed point of the affine transformation by solving the equation

—r—y

|
—

,d
o

v NI z V2
Yy VRV V2

1 0 0 1 1 1
3 -3
=2 Q—Q. ——
* AJﬁ YT

The diagram below shows the affine transformation f, displayed as
a rotation about the point P = O + g(ﬂ —1x — %y; the path of the
point O is highlighted.

C> % Do 6

)
d&%t f 4
P $4%§#
-
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4.2 Affine transformations of conic sections

In this section we will consider how affine transformations act on the
conic sections. Initially we will prove that any ellipse can be mapped to
any other ellipse via an affine transformation. The same is true for the
other types of conic section: a hyperbola can be mapped to any other
hyperbola; and a parabola can be mapped to any other parabola. It is
not possible however, to take one type of conic section to a different type
via an affine transformation. In fact, the image of an ellipse, hyperbola
or parabola under an affine transformation is always again an ellipse,

hyperbola or parabola respectively.

Proposition 4.16 Let C, and Cy be ellipses in A%. Then there is an

affine transformation f such that

PecCy ifand onlyif f(P) e Cs.
Proof. By Proposition 3.6 we know that there is a pair a,b € R and a
frame F = (B, 0), with B = (e,, e,) orthonormal such that

2 2

P =0 +ze, +ye, € C; if and only if %+y—2:1.
a b

Similarly there is a pair ¢,d € R, a frame F = (C,Q) with C = (f,,f,)

orthonormal such that
P=Q+zf, +yf, € Cy if and only if x——l—— =1.
c
Let L: E2 — E? be the linear operator given by
d
L(e1) = Efm and L(ex) = —f,.
a b
Let f be the affine transformation defined by

f(P)=Q+ L(P-0),

Page 88



MATH20222: Intro to Geometry Simon Peacock and Ben Smith

o
d
f(O +ze, +ye,) =Q+ %fx + ?yfy.
With f as defined we have
P =0 +ze, +ye, € Ch
22 g2
— a2t E = 1
(%), ()
S 2 g 1
d
= f(P):Q+%fm+%fyeCQ. O

We state the next two propositions, which concern hyperbolas and
parabolas, without proofs since the arguments are very similar to those

of Proposition 4.16.

Proposition 4.17 Let C; and Cy be hyperbolas in A?. Then there is

an affine transformation f such that
PeCy ifand only if f(P) e Co.

Proposition 4.18 Let C; and Cy be parabolas in A%. Then there is

an affine transformation f such that
PeCy ifand only if f(P)eCy.

Example 4.19 Let us consider the area of (the interior of) an ellipse,
C which is given by the equation
x? P
P=0O+ze,+ye, € C ifandonlyif — + = =1.
a? = b2
with respect to a Cartesian frame F = ((ex, ey), O). Let U be the circle

of radius 1 about O: this has equation
P=0+ze, +ye, €U if and only if 2?4+ =1.

Using Proposition 4.16 we have an affine transformation that maps
U to C. Moreover, using the proof of the proposition, we see that the
induced linear operator has matrix [& )] and determinant ab. Since the
determinant controls how areas scale, and we know the area of a unit
circle is 7, we see that C has area abm. Recall that a is the length of the

major axis and b is the length of the minor axis.

Theorem 4.20 Let C C A2 be a conic section and f: A> — A? be an

affine transformation. Then

o the curve C is an ellipse if and only if f(C) is an ellipse;
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o the curve C is a hyperbola if and only if f(C) is a hyperbola;

e the curve C is a parabola if and only if f(C) is a parabola.

We shall not prove this theorem: the proof is most easily proved
using algebraic ideas involving quadratic forms. These ideas lack much
geometric intuition and hence are not particularly suited to this course.
We will however make some comments on why one type of curve cannot

be mapped to a different type.

Let E be an ellipse and C be a parabola or a hyperbola. The area
of E is finite (see Example 4.19) and for any affine transformation, the
determinant of the associated linear operator scales this area. Since the
area of C is infinite the ellipse E cannot be mapped onto C, nor can C

be mapped onto F.

To see that a hyperbola H cannot be mapped onto a parabola P,
consider the two tangent lines to H that are perpendicular to the line

through the foci. These lines are parallel and each contain a single point

of H: it follows that if a linear transformation mapped H to P then we

would need two parallel lines, each of which containing a single point of

P, but every point on a parabola has a tangent with a different gradient,

so this cannot happen.

5 Projective Geometry

Projective geometry has its origins in understanding how people see the
world, this is often called perspective. Consider a human eye: light
enters through the pupil and makes an image on the lens at the back
of the eye. The image on the lens is upside-down and reversed but is
obviously interpreted by the brain correctly. As a simplified model, let
us consider the pupil as a single point and the lens a plane behind the
pupil. The light hitting a particular point on the lens is determined by
a straight line from that point, through the pupil. In fact, if we wish
the image to be correct orientated then we can instead model the lens
in front of the pupil; see Figure 18. This simple model of an eye leads
to the definition of projective geometry, where the projective points are

the lines in affine space through a fixed origin.
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(a) The lens is shown behind the pupil and the image re-
versed.

Figure 18: Simple model of an eye: the image on the lens is determined
by straight lines from objects in space through the pupil.

Throughout this section we will implicitly use Cartesian coordinates
for A™. This means that we assume there is a chosen origin and points
will be represented as n-tuples (z1,...,x,); or often (z,y) or (z,y, 2) in

2-, or 3-dimensions.

5.1 Projective space

We will begin by considering the lines in A? through the origin. Let
us fix the affine line y = 1. It straightforward to see that all lines
through the origin intersect this affine line in a unique point, except the
line y = 0, which is parallel and therefore does not intersect it at all.
Since the projective points are the lines through the origin, we see that
the points in projective space are fully determined by an affine line A®,
together with one extra point, which we call a point at infinity. Since
this is intuitively one-dimensional, we call this space the 1-dimensional
projective space; the projective line; or P'. Similarly, n-dimensional

projective space, or P, will be the lines through the origin in A™*!.

Figure 19: The projective line P!, is determined by points on a fixed
affine line y = 1, together with one additional point at infinity.

Definition 5.1 (Projective space) We define n-dimensional projective

space, denoted P", to be the lines through the origin of the affine space
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An+1

Just as we have coordinates for A"*!, we wish to have a coordinate
system for P™. Given a line through the origin, any point (z1, ..., Tn11)
on the line, except the origin itself, determines the line. It is straightfor-
ward to see that two points (a1, ..., apy1) and (b1, ..., byt1) determine
the same line if and only if there is a scalar A\ such that a; = A\b; for
all i € {1,...,n+1}. Using this concept we define the homogeneous

coordinates of projective space.

Definition 5.2 (Homogeneous coordinates) Any (n + 1)-tuple of real

numbers, (1, ..., Ty+1), which are not all zero, determines a point in

P™. This point is called a homogeneous coordinate of P™ and is denoted

by [z1:29: -+ : Tpt1]. Note that for any A # 0 we have

[ @0 i xpg1] =[xy s Amg - Ampg ]

Example 5.3 Consider the projective line P'. Every point is given by
a pair [z : y], where at least one of z and y is non-zero. If y # 0 then
[ :y] = [j : 1] and these are exactly the points corresponding to lines
that intersect y = 1 in Figure 19. On the other hand, if y = 0, then

x #0and [z:0] =[1:0]is the only remaining point.

Example 5.4 Generalizing Example 5.3, consider the points in P™.
These points are given by homogeneous coordinates [z : -+ : xy, @ 2]. If
z # 0 then we see that

o e R I

Since the first n values are arbitrary, we see that points of this form are
in one-to-one correspondence with points in A™. The remaining points

have z = 0 and have coordinates

[1: i@t 0] =[Azy oo Aay, 2 O]

for any A € R. These points are in one-to-one correspondence with

points in P*~! and are often referred to as points at infinity.

The ideas in Example 5.3 and Example 5.4 show that we can deter-
mine most points in P™ by points in A™. These ideas lead to the concept

of affine charts and associated affine coordinates for projective space.

Definition 5.5 (Affine chart) Let P™ be a projective space with homo-

geneous coordinates [z1 : -+ : 2p41]. To each coordinate x; there is an
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associated affine chart A} containing all projective points with x; # 0:

A?:{[xlz-n:an]E]P’" | xz#O}

:{[ul;...;ui_l:1:ui:-~'lun]epn}'

With respect to a given chart: the points on the chart are called finite

points and the points outside the chart are called points at infinity.

In light of Definition 5.5, we see that the term point at infinity is
a little ambiguous: a point at infinity with respect to one chart can
become finite with respect to a different chart. Also notice that since a
projective point cannot have all coordinates equal to zero, there always
exists an affine chart containing any given projective point. That is, all

projective points are finite with respect to some affine chart.

Example 5.6 Consider again the projective line P! and Figure 20. The
projective points that intersect the line y = 1 correspond to the points
of the affine chart Al, where the second coordinate is non-zero. With
respect to this chart the point [1 : 0], corresponding to the z-axis, is a
point at infinity. If instead we looked at the point of intersection with
the line * = 1 we have the affine chart Al. The only projective point

that does not intersect this line is [0 : 1], corresponding to the y-axis.

\ .

Figure 20: The projective line P!: the lines that intersect y = 1 corre-
spond to one affine chart; the points that intersect z = 1 corresponds to
the other.

Definition 5.7 (Affine coordinates) Let A be an affine chart for P™.
Any point P = [x1 : --- : Zp41] in this chart has x; # 0. We define
the affine coordinates for P with respect to the affine chart A7 by the

In+1)

n-tuple (%, e, 2R = (U1, ..., uy), with 2—2 excluded.

Example 5.8 Consider the point P = [1 : 2 : 0] in the projective plane,
P2. What are its affine coordinates with respect to the first, second and
third affine charts?

(1) P has affine coordinates (2,0) with respect to the first affine chart

(first coordinate is removed).
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(2) P has affine coordinates (1,0) with respect to the second affine

chart (second coordinate is set to 1 and removed).

(3) P is a point at infinity with respect to the third affine chart and

therefore has no associated affine coordinate.

Remark 5.9 Most of the time when we fix an affine chart, it will be

the last affine chart; that is the one with non-zero last coordinate.

5.2 Projective transformations

We wish to define transformations of P”, and we will do so using trans-
formations of A"*1. In order for an affine transformation of A"*! to
induce a map of projective space it must take lines through the origin to
lines through the origin. Recall that affine transformations of this kind

are in one-to-one correspondence with invertible linear operators.

Definition 5.10 (Projective transformation) Let T': AnTt — Ant!
be an affine transformation that fixes the origin (equivalently T is an

invertible linear operator). The map P — P"
(1@t s @] > 2 c@h s al],

where T'(x1,...,2py1) = (2],...,2],, ), is called a projective transfor-

mation.

Notice that scaling T" by any non-zero value gives rise to the same

projective transformation.

Example 5.11 Consider the projective transformation of P! given by

~
neous and affine coordinates? In homogeneous coordinates this has the

the matrix la ﬂ . What does this map look like in terms of homoge-

action
[ :y] = [ax+ By : yo + dy).
Considering affine coordinates (in the last affine chart) we see that

T  ar+pBy of 0 .
_— =2 or simply u
y yr+dy 40

au + 5
yu+46"

This appears to induce a transformation on A'!, however it is not defined

for all values of u. Note that when u = 75, the induced transformation
is s

—5 —as+B  —ad+ By

0. (; _ ad + By — ¢ A],
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Considering the same transformation on Py, we see that this point gets
mapped to
[—6:9] > [—ad + By: 0] = [1: 0],

hence why we describe [1: 0] as a point at infinity on this affine chart.

Where does the point at infinity get mapped to via this transforma-

tion? Doing this on P!, we see that
[1:0] — [a:7].

However, with a massive abuse of notation we can also calculate this on

the affine chart. If u = oo, then the affine coordinates suggest the image

aco+f  «

— —_
yoo+4d vy
in affine coordinates. This matches the image given by homogeneous

coordinates.

Remark 5.12 Later it will be helpful to be able to do arithmetic
on the projective line. We can do arithmetic on any projective line

P; = Al U {oc} via an abuse of notation with the following rules:

a aco  a
— =00, — =-, oo+a=o00 Va,becAl
0 " oboo b
Formally, oo is just shorthand for the the point [1 : 0] on the projective
line, so you can’t get away with using infinity like this unless you are

working on a projective line!

In general, restricting a projective transformation to an affine chart
does not give a well defined transformation. As Example 5.11 shows,
these transformations tend to be defined almost everywhere on the affine

chart. We call these rational transformations.

When does a projective transformation define an affine transforma-
tion on an affine chart? The issue with Example 5.11 is that points on
the affine chart were getting mapped to infinity and vice versa. The next
proposition shows that if the projective transformation only maps affine
points to affine points, it is an affine transformation. In particular, this

shows that projective transformations generalize affine transformations.

Proposition 5.13 Fiz an affine chart A C P". Let T: P* — P" be
a projective transformation such that for any P € A™ the image T'(P)

is again in A™. Then T induces an affine transformation of the affine
chart A™.

Proof. Without loss of generality we fix A™ = AT, where the last
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coordinate is non-zero. Let

ar,i ce a1,n ai,n+1
an,1 e An,n An n+1
an+1,1 e an+l,n an+1,n+1

be a matrix representation for 7. (Equivalently, a matrix repre-
sentation for a linear operator inducing 7.) Consider the point
P=[0:---:0:1] €P"”. This point is in the affine chart and so
T(P)=[a1n+1: """ Gnt1n+1] is also in the affine chart. This means
that apy1n+1 # 0 and so by rescaling the matrix we can assume the

matrix is of the form

bl,l e bl,n bl,n+1
A
where b ; = —L—.
bn,l o bn,n bn,n+1 Unt1ntl
anrl}]_ oo b7l+17’r7, 1

Now let us assume that b, 1 is non-zero: then the affine chart contains
the point [

coordinate 0. Since this cannot happen we conclude that b,y1,; = 0.

bﬂj ~:0:---:0:1 and this would have an image with last

Similarly, we can conclude that all entries in the last row are zero apart

from the last and the matrix of P has the form

bl,l cee bl,n bl,nJrl
(5.1)
bn,l s bn,n bn,n+1
0 e 0 1
This is exactly the matrix of an affine transformation. O

Example 5.14 Let us consider how a general projective transformation
acts on an affine chart. Let T': P2 — P2 be a projective transformation

given by the matrix
az Qy G
Cx Cy Cs
and with action

T:P? — P?
[@:y:z]— [agx + ayy+ a2z bpx + byy + b2 1 cux + ¢y + 2]

What is the induced rational transformation on A%? and when is this
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transformation affine? On the affine chart A2 we see that the induced

rational transformation is

A2 T, A2
(u U)’L<awu+ayv+az bwu—I—byv—l—bz)

CaU + CyU + C; ’ CaU + CyU + C;

When is this transformation affine? Notice that the map f: A? — A2

with the action
(u,v)bﬁ(au—}—ﬁv—i—vﬁu—‘—ev—}—g)

is just the general form for an affine transformation. We see therefore
that 7" induces an affine transformation if and only if ¢, = ¢, = 0 and
¢, # 0. In particular, we can scale the matrix (5.2) by i to get it in
the form (5.1).
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5.3 Collinearity

In this section we consider what is meant by points in projective space
being collinear. Intuitively we want to say that if points are collinear in
affine coordinates then they are collinear in projective space. Let us con-
sider the projective plane P2, with points [z : y : 2] and the affine chart
with non-zero final coordinate, with affine coordinates (%,%) = (u,v).
The general equation of a line in A2 is given by au +bv + ¢ = 0 for some
real values a, b and ¢. A point [z : y : 2] has affine coordinates on this
line if

x y

a—+b=+c=0,
z z

which is true if
ax + by +cz = 0.

This second equation is the general equation for a plane in A® that
passes through the origin. The same ideas hold in higher dimensions:
three points will be collinear in affine coordinates if the homogeneous

coordinates represent points on the same plane.

Definition 5.15 (Collinearity) = We say that three points,
[1 @2 i @py1], [Y1 2 Y2 @ oo Ynyr] and [z1 ¢ 22 1 ot Zpga]
in P™ are collinear, or that they lie on the same projective line, if

there is a plane through the origin in A”*! that contains the points

(1, ooy Tng1), Wiy oovy Yngr) and (21, - vy Zng1)-

Recall that three arbitrary vectors support points on the same plane
if they are linearly dependent, this gives an alternative way to calcu-
late collinearity in P2. Three points [z1 : y1 : 21, [12 : 2 : 22] and
[x3 : Y3 : 23] are collinear if their associated vectors are linearly depen-

dent; or equivalently when

Tr1 T2 X3
det Y1 Y2 Ys| = 0.
21 22 23
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Example 5.16 Consider the points
A=[0:-1:2,B=[-1:0:3],C=1[2:-4:2].

Are they colinear?
All these points belong to the affine chart A% and so we can check

collinearity in their affine coordinates. The affine coordinates are:
A =(0,-1/), B=(-1/3,0), C = (1,-2).

These all satisfy the equation 3u+ 2v+ 1 = 0 and are hence collinear.
Consider now the point D =[2: —3:0]. Are A, B and D colinear?
This point is not in the same affine chart; we have two options: check

if this point is collinear on a different affine chart; or calculate collinearity

using homogeneous coordinates. Using homogeneous coordinates we can

check if the determinant of the matrix given by A, B and D is zero:

0 -1 2
det |-1 0 —3| =1(0+6)+2(-3+0)=6—6=0.
2 3 0

We conclude that all four points are collinear.

5.4 The cross ratio

Recall that the property preserved by affine transformations was the
ratio of lengths of collinear line segments. This means that if T is an

affine transformation and A, B and C are collinear points then

A-C T(A)-T(C)
B-C T(B)-T(C)

(5.3)

When we generalize to projective transformations, it is no longer true
that this ratio is preserved (see Example 5.21). The equivalent property
that is preserved for projective transformations is called the cross ratio

and involves a fourth point.

Definition 5.17 (Cross ratio) Let A, B, C and D be four collinear
points in affine space A™. The cross ratio (A,B; C,D) is defined to be

(A,B;C,D) =

(5.4)
By extension, the cross ratio of four collinear points in projective

space is the cross ratio of the four points in any affine chart.

Remark 5.18 Note that Definition 5.17 and equation (5.3) do not

make sense if the points are not collinear as we cannot divide arbitrary
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vectors. This is only well defined when the vectors are parallel and

therefore multiples of one another.

Example 5.19 Consider the following four points in P?:
A=[1:0:0,B=[1:1:1,C=[1:2:2],D=[1:3:3].

What is their cross-ratio? These points all lie on the first affine chart

A%, given by affine coordinates:
A= (0,0, B=(1,1), C=(2,2), D = (3,3).

Furthermore they are collinear, as they all lie on the line u—v = 0 in A7.
Therefore the vectors between these points are in the span of v = [1, 1].

Therefore we can calculate their cross ratio in this affine chart to be

(A-C)(B-D)
(B-C)(A-D)
0—2v v-—3v
v—2v 0-3v
—2v  —=2v

—v =3v

(A,B;C,D) =

The cross ratio should be well defined for any choice of affine chart,

therefore we can consider these points on the third affine chart A3:

1
A=sm-io- (L)oo (1)

While A is at point at infinity on the third affine chart, these points are
collinear and so live on a copy of the projective line P!.
Therefore we can use the same arithmetic abuse with infinity as in
Remark 5.12.
(A-C)(B-D) oo0-23 2/3 4

(A.B;C,D) = B-C)(A-D) lz-0 12 3

While we calculated this on a different affine chart, the cross ratio re-

mains the same.

It is not immediately clear that the cross ratio is well-defined for

projective points, however the following proposition deals with this issue.

Proposition 5.20 Let A, B, C and D be four collinear points in P™
and let T: P™ — P™ be a projective transformation. Then the cross ratio

of the four points is preserved by T':

(A,B;C,D) = (T(A),T(B); T(C), T(D))
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In particular, the cross-ratio is independent of the choice of affine

chart.
Proof. We prove the result for P!,
Let A, B, C and D be (collinear) points of P! and let T: P! — P!

be the projective transformation:

[ : Y] »L[ax + By : yx + dy).

After possibly changing basis we can assume that all the points lie in

the second affine chart and we have the map of affine coordinates

T ou+f
— .
Yu + 6

Let ua, ug, uc and up be the affine coordinates of the points in this

affine chart. The cross ratio of the images of the points is now

(T(A), T(B); T(C), T(D))

aua+B _ auctp
yua—+0 yuc+9o

aup+fB _ auc+pB aupa+pB _ aup+pB
yug+9 yuc+9 Yyua—+0 Yyup+06

aup+pB _ aup+p
yug+9 Yup+9

(vua+96)(yuc+9)

(yus+9)(yup+9)

(auB+ﬂ)(wuc+5> (cuc+8) (qu+6))
(vus+9)(vuc+9)

(ad—p~v)(ua— uc)) ((a6 By)(up — uD)>

('YUA+5)(’WC+5) (yus+9)(yup+9)
(

ad—pB7y)(ug— uc)) ((a5 B8y)(ua—up)
(vus+9)(vuc+9)

(yua+0)(yup+9)
~ (ua —uc) (u — up)

~ (uB —uc) (ua — up)

= (A,B;C,D).

In higher dimensions we can use the fact that collinear points are
all in 1-dimensional subspace equivalent to P' and use the proof above.
This makes sense geometrically, however to make this rigorous would

require more technically details than we wish to cover. O

Example 5.21 Consider the projective transformation 7: P? — P2

given by the matrix

o = O
o O =
=

Does the projective transofmration preserve ratio of distances? Does it

preserve the cross ratio? This is the matrix of an affine transformation
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so it is immediate that equation (5.3) is satisfied on the affine chart A32.
Let us see what happens on the affine chart A?: here the projective

transformation acts as

(u,0) —> (”“,”).

u u

Recall the collinear points from Example 5.19, all except A are on the
first affine chart. The points B = (1,1), C = (2,2) and D = (3,3) are
collinear with images T'(B) = (2,1), T(C) = (3/2,1) and T (D) = (4/3,1).
The ratio of distances are therefore

B-D T(B)—T(D) 2—4j 2/

c-p 2 W FETTD) ot i

We can see that in general the ratio of distances preserved by affine

transformations is not preserved for projective transformations.

Let us check that T does indeed preserve the cross ratio. We see that

T acts on each of the points as follows:

All of these points live on the second affine chart with affine coordinates
11

re)-(3.3). o) = (.3).

Therefore we can calculate the cross ratio as

(T(A)—T(C)) (T(B) ~T(D)) _—2h-—Ys 4

(T(B) - T(C)) (T(A) —=T(D)) ~ —3/a-—fs 3

and see that it is preserved by T'. Note that we could equally calculate
the cross ratio on any other affine chart, although would have to deal

with points at infinity.

5.5 Projective transformations of conic sections

We proved in Theorem 4.20 that affine transformations map ellipses
to ellipses, hyperbolas to hyperbolas and parabolas to parabolas, but
that we cannot map one type of conic section onto another. Projective
transformations do not have this limitation. In this section we will prove
that we can map different types of conic section onto one another via

projective transformations.
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Consider the set of points in the projective plane
D={[z:y:2]€P? | 2® +y* =2} C P2
When restricted to the third affine chart, D just becomes the unit circle:
DNA3={(u,v) € A’ | v’ +0* =1} C A%

The following theorem shows we can map the unit circle to any other

conic section given the correct choice of projective transformation.

Theorem 5.22 For any conic section C C A?, there exists a projective
transformation T: P? — P2 such that C is T(D) restricted to the third
affine chart.

Proof. We split this into cases for each type of conic section.

Ellipse: The case of an ellipse has already been covered. A special

case of Proposition 4.16 shows that the affine transformation
(u,v) = (au, bv)

2
maps the unit circle to the ellipse with equation Z—; +%& =1 Asa

projective transformation, this is

[:y:z] = [ax: by : z].

Hyperbola: Let C be the hyperbola described by the equation 1+

Z—z — Z—; = 0. Define the projective transformation

T:[x:y:z]—[az:by:x].

Forapoint P=[z:y:z] € D, let T(P) = [2' : ¢/ : 2'] = [az : by : 7]

where ,

l‘:zl y:y— z =
) b,

Sl

The point P € D satisfies the equation 22 + y? — 22 = 0 if and only if
T(P) satisfies the equation

y/ 2 2! 2
0=22+ (< —(— .
b a

Restricting to the third affine chart, we see this is the equation of the
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hyperbola C:

2/2 y/2 I/2

22 b222 a2z'?

A 2 A2
(¥) (=)
Sl g

Parabola: Let C be the parabola described by the equation v? —

2pu = 0. Define the projective transformation

T:lx:y:2]—[z—x:/2py:z+a]

Forapoint P=[z:y:z] €D, et T(P)=[2':y : 2] =[z—x:+2py:
z + x] where
Z - y 2+
Tr = = z2 = ———
) y \/%) 2
The point P € D satisfies the equation 22 + y? — 22 = 0 if and only if
T(P) satisfies the equation

0 P 2+ y/ 27 o 4+ 2
N 2 V2p 2
2/2 — 9! + x/2 y/2 2/2 + 20" 2! + x/2

4 2p 4
_ y/2 _ 2p1‘lzl.

Restricting to the third affine chart, we see this is the equation of the

2
O_y/2_2p$’2’_ y/ L x/
T2 2 T\ P\

=% — 2pu. O

parabola C":

Corollary 5.23 Any two conic sections are projectively equivalent,

i.e., there exists a projective transformation from one to another.

Proof. Projective transformations are invertible: if T is represented by
the matrix M then T—! is represented by the matrix M ~!. As a result
we can map any conic section to the circle via the inverse transformation
of the one constructed in Theorem 5.22. Therefore we can map any conic

section to another by transforming to the circle. O

Remark 5.24 When considered as lines in A3, the set D is the cone
shown in Figure 17. Recall that we can obtain all conic sections as

intersections of this cone with a plane. It is not a coincidence that we
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use this same cone in the proof of Theorem 5.22. An alternative intuition
behind this proof is that we are applying a linear transformation to this
cone and then intersecting with the plane z = 1. While it is conceptually
more complex, working in projective space makes this proof much easier:

in A3 the proof is far messier!

Thank you for taking Introduction to Geometry :)
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dot product, 9
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affine coordinates, 93 eccentricity, 79
affine transformation, 82, 84 eigenvalue, 20
an opposite orientation, 23 eigenvector, 20
angle, 10 elementary forms, 53
axis, 33 ellipse, 71
Euclidean affine space, 46
basis, 3 Euclidean norm, 10
bilinear, 38 Euclidean vector space, 9
exact, 54
canonical basis, 6
canonical inner product, 9 finite points, 93
Cartesian coordinate system, 47 foci, 71
change of basis matrix, 7 frame, 85

changes the orientation, 27

characteristic polynomial of P, 36 general linear group, 14

closed, 70 gradient of f, 50

1li
collinear, 98 homogeneous coordinate, 92

conservative, 50 hyperbola, 72

coordinate system on A", 47

cross product, 37 implicit curves, 59
cross ratio, 99 inner product, 8
curve, 58 integral of w over C, 67
determinant, 18 left basis, 25
determinant of the linear operator left orientation, 25

P, 19 length, 10
differential 0-form, 52 linear functional, 53
differential 1-form, 53 linear operator, 14
differential of f, 54 linear transformation, 14
dimension, 5 linearity, 14

directional derivative of f along «, linearly dependent, 2

65 linearly independent, 2
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magnitude, 10
matrix of the linear transformation
P in the basis B, 15

nondegenerate, 7
nonsingular, 7
norm, 10

normalisation, 33

opposite orientation, 61
ordered basis, 3

orientation, 25, 61

oriented vector space, 25
orthogonal, 10

orthogonal group, 14
orthogonal linear operator, 21
orthogonal matrix, 13

orthonormal basis, 12

parabola, 73
parametrisation, 58
perpendicular, 10

points at infinity, 93

polar coordinates, 47
preserves the orientation, 27

projective transformation, 94

rational transformations, 95
regular, 65
reparametrisation, 60
reparametrisation map, 60
right basis, 25

right orientation, 25

rotation about the axis, 33

same orientation, 61
smooth, 49, 64
span, 3

span V', 3

tangent space, 63

tangent space of A™ at P, 48
tangent vector, 48, 63

the same orientation, 23

total derivative, 54

trace, 19
trace of the linear operator P, 20

transition matrix, 7

vector field, 50
vector product, 37
vector space, 1

velocity vector of v, 62

with respect to the frame, 85

Page 107



	Euclidean vector spaces
	Vector spaces and basis vectors
	Definition of a vector space
	Linear dependence
	Basis and dimension of a vector space
	Change of basis and transition matrices

	Euclidean vector spaces
	Inner products
	Geometry of Euclidean vector spaces

	Orthonormal bases
	Orthonormal bases
	Orthogonal matrices

	Linear operators
	Matrix of a linear operator in a given basis
	Determinant and Trace of linear operator
	Eigenvalues and eigenvectors of linear operators
	Orthogonal linear operators

	Orientation of vector spaces
	Orientation of linear operator

	Orthogonal operators of Euclidean n-space
	Orthogonal operators in Euclidean 2-space
	Orthogonal operators in Euclidean 3-space and rotations

	Area, volume and determinant
	Vector product in oriented Euclidean 3-space
	Existence and uniqueness of the vector product
	Area of a parallelogram
	Area and determinants in 2-dimensional space
	Volume and determinants in 3-dimensional space


	Differential geometry
	Affine space
	Tangent spaces

	Vector fields
	Differential 0-forms and 1-forms
	Definitions
	Differentiating 0-forms
	Applying 1-forms to vector fields

	Curves in affine n-space
	Definitions
	Reparametrisation and orientation
	Differential properties of curves

	Integration of 1-forms over curves
	Integrating exact 1-forms

	Conic sections
	Geometric definitions
	Algebraic definitions
	Expression for an ellipse

	Polar coordinates
	Ellipse or hyperbola
	Parabola


	Affine transformations
	Matrix of an affine transformation
	Affine transformations of conic sections

	Projective Geometry
	Projective space
	Projective transformations
	Collinearity
	The cross ratio
	Projective transformations of conic sections


