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Root systems

m (V,(,,-)) areal Euclidean vector space
m For a € V\{0}, let s, be its reflection with hyperplane
H,={xe V| (x,a) =0}
m A root systemis ® C V such that for all o, g € .
B dNRa = {a,—a}l,

m s, (P) =0,
- e e

m A C ¢ achoice of linearly independent simple roots.
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Root system - type A

m O = {+a,£8,£7}
B dNRa={a,—a},

m s, (P) =0, H.,
e
B A={a/p}
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Weyl groups

m For a root system ¢ and a fixed A the Weyl group of & is
W(®) = (S) where S={s, | a € A}
m Finite types - As graphs: (s,S3)"=# = e where

_ J2ifnoedge 3if1 edge
“% 7 \4if2edges 6 if 3 edges
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Qp Qp_10Qp_2 Q2 04 ag a5 o4 Qa3 of Qg oz ar oy

Bn o——0—0O - ~-O——O
a
an Qp_1Qp_p Qo O E ~ G2 0==0
Cn oc—=—0—0 --0—o0 7 s ay
a7 ag a5 a4 Qg Qq

Qp Qp—q1 Qp_2 Q2 Q4
o—o—o—o—ozgﬁo
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Qn
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Parabolic subgroups

m For J C A, its parabolic subgroup W, C W(®)
Wy=(sg | BeJ)

m Maximal parabolic subgroup W, such that J = A\«
m Quotients WY = W/ W,
m Parabolic cosets: wW, some representative for w € WY.
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=0 acd

<0 ad¢d

Geometry of cosets
For J C A, define x; such that: (xy, a) {

{Cosets: wW,} «— {Points: w(xy)}

S‘] /, 53 \\ !
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Geometry of cosets 0 wey
For J C A, define x, such that: (xy,a){
<0 ad¢d
{Cosets: wW,} <— {Points: w(x,)}
J={ay,az}
S ';/_/_/_ et S
S1 '/'/'// \\\ /’/
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=0 acd

<0 ad¢d

Geometry of cosets
For J C A, define x; such that: (xy, a) {

{Cosets: wW,} «— {Points: w(x,)}
J = {az,as}
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Coxeter matroids

Fix a root system ¢ and a subset J C A.

A subset M C WY is a Coxeter matroid if every edge of
conv{w(xy) | we M} is parallel to some a € ¢.

</
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Strong Coxeter matroids
A Coxeter matroid M C WY is strong if it satisfies the strong
exchange property for Coxeter matroids:

VYv,w € M, 3H, separating v, w such that s, v, s,w € M.
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Question

How do we know if a given Coxeter matroid is strong by using
only the polytope?
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Question

How do we know if a given Coxeter matroid is strong by using
only the polytope?

Let’s start with type A.
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Matroids - Type A,_1
O

O----0 O
&p—q Qp-2 CQp-3 a2 &3

k
J= A\{ak} aj = €j;1 — € € R" Xy = Z e
i=1

=0 acd

where (xy, a) {< 0 a¢d

{Cosets: wW,} «— {Points: w(x,)}
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Matroids - Type A,_1

O O----0 O

Qp—1 CQp-2 Op-3 a2 (€3]

k
i=1

{Cosets: wW,} «— {Points: w(x,)}
For M C (I, define

Q(M):=conv{es | SEe M} CR", es=>» ecR".
ieS
Definition
M c (1) is a matroid if every edge of Q(M) is parallel to e; — e
for some i # j.
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Matroids - Type A: Example -n=4, k =2

Oo—e—O

ag Qo (e7]
J=A\{ap} ax=e3-ecR*  x;=(1,1,0,0)=1100

1100
1100

0101
0101

1010,
M ={12,13,23,14,24} is a
matroid

1010,
N = M\ {14} is not a matroid
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Matroids - Type A
Definition (1)
M c (41) is a matroid if edges of Q(M) parallel to roots.
Definition (2)
M C ([Q]) is a matroid if it satisfies the strong exchange property
Vi, deM,3iel\J,jed\Isuchthat |—i+j,J+i—jeM.
Example (n=4,k = 2)

1100

0101

1010,
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Grassmannians
Grassmannian: Gr(k, n) := { k-dim subspaces of C" }

Gr(k, n)— Proj (/k\ C”) ~ p(”+)

Gr(k, n) cut out by the Pliicker equations:
. . [n] [n]
/k7n.:<'Z(—1) 'X/_H"XJ_I' ’ /G(k_1 ,J € K+ 1 .
jeJd\/

Example (k =2,n=4)
Gr(2,4) = V(h4) C P° where
b4 = (Xi2 - X3a — Xq3 - Xoa + X14 - Xo3)
C C[Xi2, X13, Xq4, X23, Xo4, X34]-
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Tropicalization

Boolean semiring B .= ({0,1},&,-) with1 &1 =1.
A tropical equation f with support A ¢ N is

f::@XaEIB[X-],...,Xn]’ Xa::X1a1"'X;73"

acA

trop: C[X] — B[X]

> zaX?— P X2

acA acA

We say v € B" satisfies fif |[{ac A | v@=1}|#1.
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Tropicalization example
miel=1.

W trop (- aep ZaX?) = Daca X
m v e B satisfiesfif [{ac A | v@i=1}|#1.

Example (n=4,k = 2)
trop (Xi2 - X34 — Xq3 - Xog + Xi4 - Xo3)
= Xi2 - X34 © Xq3 - Xoga © Xya - X3

1100
1001
0101
1010, 0110

vi>1.0@1-1e1-1=0@1a1=|{acA | vi=1}|=2
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Tropicalization example
miel=1.

W trop (- aep ZaX?) = Daca X
m v e B satisfiesfif [{ac A | v@i=1}|#1.

Example (n=4,k = 2)
trop (Xi2 - X34 — Xq3 - Xog + Xi4 - Xo3)
= Xi2 - X34 © Xq3 - Xoga © Xya - X3

1100
1001
0101
1010, 0110

vi—»1-001-191-1=00101=>[{acA | Wy=1}|=2 Yes!
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Tropicalization example
miel=1.

W trop (- aep ZaX?) = Daca X
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Tropicalization example
miel=1.
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Tropicalization example
miel=1.

W trop (- aep ZaX?) = Daca X
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Tropicalization example
miel=1.

W trop (- aep ZaX?) = Daca X
m v e B satisfiesfif [{ac A | v@i=1}|#1.

Example (n=4,k = 2)
trop (Xi2 - X34 — Xq3 - Xog + Xi4 - Xo3)
= Xi2 - X34 © Xq3 - Xog © Xq4 - Xo3

1100
1100
1001 0101
0101
1010 0110
1010, 0110

vi—»1-001-191-1=00101=>[{acA | Wy=1}|=2 Yes!
vb—1-001-100-1=00100=|{acA | v¥=1}=1 No
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The combinatorial Grassmannian

Theorem (Speyer '08)
M c (1)) is a (strong) matroid if and only if vM satisfies the
tropicalized Pliicker equations:

trop(P;y) = @ X1y Xy—j € BIX] Ve (k[i]1) ,J € ( [n] ) .

N k+1
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Recap of goal

A Coxeter matroid M C WY is a strong if it satisfies the strong
exchange property for Coxeter matroids:

Yv,w € M, 3H, separating v, w such that s,v,s,w € M.

{Cosets: wW,} «— {Points: w(x,)}

QM) = conv {w(x,) | we W’}

Question: How do we know if a given Coxeter matroid is strong
by using only the polytope?
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Recap of goal X6 xe

X7

Xq X5

Example
trop(X1 X2 + X3X4 + Xs5Xg + X7Xg) — X1 Xo © X3X4 B X5Xg D X7Xg

=[{acA| vi=1} =1
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Recap of goal X6 xe

X7

Xq X5

Example
trop(X1 X2 + X3X4 + Xs5Xg + X7Xg) — X1 Xo © X3X4 B X5Xg D X7Xg

=|[{aeA| v¥=1}|=1 No
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Lie theory
Find tropical equations that cut out a combinatorial
Grassmannian for Coxeter matroids.

m ¢ root system
m G its complex simply connected Lie group
m g its Lie algebra over complex v.s. V

g:h@GBQOz

acd

m V. = (w, V) representation of g where 7 : g — gl(V)
V decomposes into weight spaces V = @ V(\) where

VIN) ={veV | nh)-v=(\hvVvhebh}, IecRo

V. a representation of g = weights are invariant under W(®).
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Grassmannians as group orbits
m Simple roots A = {ay,...,an},
m Maximal parabolic subgroups Wa\,, < W(®),
m Fundamental representations V), of g,
m Maximal parabolic subgroups P,, = stabg(vy;) < G.
G/Py, — Proj(Vy,) g—g-Vvy

Example (¢ = A,_1,G = SL,(C))
The simple root ax has fundamental representation
vy, = AfCn.
k
Gr(k, n) = SLy(C)/ stabgy,c)(U) < Proj [ A\ C"

where U C C" standard k-dim linear space.
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Quadric equations

G/Pq, — Proj(Vy,)
How do we characterise G/P,, via equations?
Theorem (Lichtenstein 1982)
The elements of Sym?( V) satisfying

Quev)—2\ 20 +2p)(ueVv)=0

gives a system of quadratics cutting out G/P inside Proj( V).

This gives ‘equations’, but to get equations, need a canonical
basis for V.
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Miniscule

Fundamental rep. V), is minuscule if W(®) acts transitively on

the weights.

~ V), = @ V(u) decomposes into one-dim weight spaces.

We call P,,, < G minuscule if V), minuscule.

Ap o—e—o--o—e [ 0—0—042—0 Fa o—o:<:o—o

Qn Qp_1Qp_2 Q2 Oy ag a5 4 Qg o az  az oy

Bn *e——0—0O --0—=O ap
Qn Qp—{ Qp_2 G2 O o o o :42 o Gg
Cn O——0—O --0——e Qo 0
a7 Qg 5 4 Q3 O

Qnp Qp—{ Qp_2 G2 Q4

Dp, cn—1 -—0—e E8 o—o—o—o—(é—zo

Qp_2 Qp_3 02 0O ag Qa7 Qg Q5 04 Q3

Qn
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Strong Coxeter matroids characterization

Theorem (Calvert, D., Fink, Smith '25+)

Let ® be a root system with G simply connected complex Lie
group and P, some minuscule parabolic subgroup. There exists
a set of quadrics F cutting out G/P,, C Proj(Vy) such that:

M C WA\* g strong Coxeter matroid < vM satisfies trop(F).

How to find F:
m Decompose Sym?(Vy) = @ V,,,

m Each u # 2) gives equations w = 0 for each basis vector
w eV,

m Rewrite w in the V) basis to get an equation.
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Type B strong exchange equations on [n]

FP = {5 1y c[n] 1A J] >3} where
19 = @ xiai-xini if /AJ]=0 mod 2 and
ielANd
fl(,g) =X+ Xy D @ VIUNER.IIN If|/AJ|E1 mod 2.
ielNJ

Example (Bs)
B
f(Zg,1)23 = Xp * X123 D ED Xpni- X123 A0
i€123
= Xp - X123 D X1 - Xo3 D X2 - X13 B X3 - Xq2
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Type B strong exchange equations on [n]

FP = {5 1y c[n] 1A J] >3} where
19 = @ xiai-xini if /AJ]=0 mod 2 and
ielANd
fl(ﬁ) =X+ Xy D @ VIUNER.IIN If|/AJ|E1 mod 2.
ielNJ

Example (Bs)
B _
fo.123 = Xp - X123 & EB Xpni- X123 A0
ie123
= Xp - X123 D X1 - Xo3 © X2 - X13 D X3 - Xq2
B
f1(2)3 =X1-X3® P X100 Xezni
ic123

= X1 'Xzs@X@'X123@X13'X269X12'X3—f@(1)23
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Example: ®=B;  G/P,, — Proj(S(3))
m S(3) spin module: 23-dim with weights (i%,i%,i%).
m G/Pe, cut out by a single equation f with tropicalization:
tr0p(f@(ﬁ£3) =Xp - X123 D X1 - X203 D X2 - X913 D X3 - X12
M C WA\ strong <= vM satisfies trop(f{3),)

< conv{w(xy) | w € M} no unique antipode.
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Future Work

m How do we consider non-minuscule
representations/parabolics?

m Any hope of quantifying non-strong Coxeter matroids?
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Thanks
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