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Sign Variations and Descents

Sign vectors
m A sign vector is a vector whose components are signs.
m )V, is the set of all sign vectors.

m Think of these as vectors associated to coordinate in R"
where we only look at signs.

Example
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Sign Variations and Descents

Real projective space

m Real Projective space RP" is R™! without the origin and
where we associate each vector with all scalar multiples.

Xt Xo X3

REﬂ X0 —eo—eo—— X
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Sign Variations and Descents

Real projective space - RP

Cy ()

Images from: math.stackexchange.com by Zev Chonoles
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Sign Variations and Descents

Projective sign vectors

m Let PV, be the set of sign vectors in RP"~".

m In other words, for w € Vj, then w ~ &' if and only if w = W’

orw= —uw'.

Example

Vi = {(+)7(0)7(_)} Vo = {(+7+)7(+70)7(+7_)7
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Projective sign vectors

m Let PV, be the set of sign vectors in RP"~".

m In other words, for w € Vj, then w ~ &' if and only if w = W’

orw= —uw'.

Example
Vi = {(+)7(0)7(_)} Vo = {(+7+)7(+70)7(+7_)7

{ (Oa+)7(070)7(07_)
{(+)7(7)} (_7+)7(_70) (
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Projective sign vectors
m Let PV, be the set of sign vectors in RP"~.
m In other words, for w € Vp, then w ~ &' if and only if w = &’
orw = —uw'.

Example
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m In other words, for w € Vp, then w ~ &' if and only if w = &’
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Projective sign vectors

m Let PV, be the set of sign vectors in RP"~'.

m In other words, for w € Vp, then w ~ &’ if and only if w = W’

orw= —u'.

Example

Vi = {(Jr)’(o)’(*)} Vo = {(+v+)v(+’0)’(+’*)v
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1
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Projective sign vectors

m Let PV, be the set of sign vectors in RP"~'.

m In other words, for w € Vp, then w ~ &' if and only if w = W’
orw=—uw'.

Example

Vi = {(+),(0),(—)} Vo = {(+a+)a(+a0)a(+7_)a

i (O,—l—),(0,0),(O,—),
PV = {(+)} (_7+)7(_70)’(_)_)}
i
PVo = {(+7 +)7 (+7 0)7 (+7 _)7 (07 +)}
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Sign Variations and Descents

Projective sign vectors

m Let PV, be the set of sign vectors in RP"'.

m In other words, for w € Vj, then w ~ &’ if and only if w = W’

orw= —u'.

PVp = {w € V, : First non-zero entry of w is +} .

Example
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Sign Variations and Descents

Partially ordered set
Given a set P and a relation <, then (P, x) is a partially
ordered set (poset) if for all a, b, ¢ € P:
m a < a (reflexive)
B a< band b < aimplies a = b (anti-symmetric)
m a< band b < cimplies a < c (transitive)

Example
The poset (N, |):
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Sign Variations and Descents

Ordering projective sign vectors
m Let P, denote the poset (PV,, <) where for w,w’ € PVp:

W<w <= +tw Cw

in other words, if either w’ or —w'’ is obtained from w by
replacing some components with 0.

Example
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Sign Variations and Descents

Order complex (of a poset)
m Simplicial complex A - A collection of sets s.t. ¢ € A and
7 C o implies 7 € A.
m The sets are called faces. Maximal sets are called facets.
m Order complex A(P) of a poset P - Simplicial complex
where faces are chains in P.

Example
(+,+4) (+-)
(+,0) 0,+)
P,
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Example (+.+) +-)
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(+,4) (+-)
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7 C o implies 7 € A.
m The sets are called faces. Maximal sets are called facets.
m Order complex A(P) of a poset P - Simplicial complex
where faces are chains in P.

Example {(H)} {(++>} {<+)}
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‘/\\\
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m Simplicial complex A - A collection of sets s.t. ¢ € A and
7 C o implies 7 € A.
B The sets are called faces. Maximal sets are called facets.

m Order complex A(P) of a poset P - Simplicial complex
where faces are chains in P.

Example Grt) () () (+)
+,-) (0,+) (0,+) (+,0) (+,0)

(+:+)

D< {0,H)} {(++)} {(+-)} {(+0)}
(+,0) ©.4) W

P> {o}
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Order complex (of a poset)
m Simplicial complex A - A collection of sets s.t. ¢ € A and
7 C o implies 7 € A.
m The sets are called faces. Maximal sets are called facets.
m Order complex A(P) of a poset P - Simplicial complex
where faces are chains in P.

e 0 BN P A

\ \ \ \
(++)

N (O} () () {0}

P {2}
A(P2)
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f-vector
m A a d-dim simplicial complex.
m f; = number of /-dim faces
m f-vectoris vector faces: f(A) = (f_1, o, f1,. .., fq)-
m f(A(P)) is number of elements in each row.

Example
<+‘¢+) (+,‘—) <+‘¢+) (+,‘—)
(0,+) (0,+) (+,0) (+,0)
<< f(A(P2) = (1,4,4)

{01} {(++H)} {(+-)} {(+0)}

— X =

{2}
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h-vectors
m A a d-dim simplicial complex with f(A) = (f_1, fy, ..., fg).

k .
_ifd—i
he=> (1) I<k ) fi_1.
i=0 —!

m h-vectoris vector of hgs: h(A) = (ho, hy, ..., hgi1).
Example

{(+,+) (+,‘—) (+.4) (+-)
(o<,|+)} {(&H} {wn} {(+,0)}
<] f(A(P2)) = (1,4,4)
{0, 1)} {(+ )} {(+ )} {(+0r  h(A(PR)) =(1,2,1)
T
{2}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

How can we find the h-vector?

Theorem (Stanley 1975)

If a simplicial complex A is Cohen-Macaulay, its h-vector has
nonnegative entries.

Theorem (Machacek 2019)
The order complex A(Py) is Cohen-Macaulay.

Questions
m /s there a nice way to compute the h-vector of A(Pp)?

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021
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Partitionable simplicial complex

Conjecture (Stanley 1979, Garsia 1980; Counterexample
Duval, Goeckner, Klivans, Martin 2016)

Every Cohen-Macaulay simplicial complex is partitionable.

Proposition (Stanley)
If A is partitionable, then the partitioning gives us the h-vector.

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021
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Partitionable
A simplicial complex A is partitionable if

A= |G, F]
where F; is a facet.

(+i+) (+<,‘—) (+‘,+) (+,|—)
(0,+) (0,+) (+,0) (+,0)

{01} {(++H} {(+-)} {(+0)}

T
{2}

A(P2)

Example
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A simplicial complex A is partitionable if
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where F; is a facet.
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Partitionable

Proposition (Stanley)

Let A be a partitionable simplicial complex with partitioning
A = U[G, Fj] where F; is a facet. Then

hi(A) ={j : 1G] =1}l

Example (T) (+,|—) (+1+> (+,‘—>
(0,4) 0,+) (+,0) (+,0)

h(A(P2)) = (hg, hy, ho)  {(0,9)} {(+ 1)} {(+-)} {(+.0)}

T
{2}

A(P2)
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Partitionable

Proposition (Stanley)

Let A be a partitionable simplicial complex with partitioning
A = U[G, Fj] where F; is a facet. Then

hi(A) ={j : 1G] =1}l

Example (T) (+,‘—> (+i+) <+,‘—)
(0,+) 0,4) (+,0) (+,0)

h(A(P2)) = (1, hy, ho) {0,9)} {(++)} {(+-)} {(+0)}

T
{2}

A(P2)
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Partitionable

Proposition (Stanley)

Let A be a partitionable simplicial complex with partitioning
A = U[G, Fj] where F; is a facet. Then

hi(A) ={j : 1G] =1}l

Example (+1+> (+,‘—> (+i+) <+,‘—)
(0,+) 0,4) (+,0) (+,0)

h(A(P2)) = (1,2, hp) {0, 1)} {(++)} {(+-)} {(+0)}

T
{2}

A(P2)
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Partitionable

Proposition (Stanley)

Let A be a partitionable simplicial complex with partitioning
A = U[G, Fj] where F; is a facet. Then

hi(A) ={j : 1G] =1}l

Example (+i+> <+,‘—) <+[+) <+,|—)
0,+) 0,4) (+,0) (+,0)

h(A(Pz)) =(1,2,1) {0,9)} {(++)} {(+-) {(+0)}

T
{2}

A(P2)
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Main Theorem

Let D, be a type D Coxeter group and let desg denote the type
B descent set of an element & € D,

Theorem (Bergeron, D., Machacek 2020BP)
The order complex A(Pp) is partitionable. Moreover,

hi(A(Pp)) = {7 € Dn : |desg(m)| = i}|

foreach0 <ij<n.
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Coxeter groups

Type An Type B Type D,
The elements in The elements in The elements in
type A, Coxeter type B, Coxeter type D, Coxeter

groups can be groups can be groups can be

represented as represented as represented as

permutations in signed even signed
Spiq- permutations of G,. permutations of &,.

57238146 € A; 57238146 € By 57238146 € Dg
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Sign Variations and Descents

Descents - Type A

Form = mq...mh1q1 € Aplet desa(m) denote the descent set of .
desa(m) ={i : mi > mjyqfor1 <i<n}
Example

m = 57238146 € A7
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desp(m) = @
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desp(m) = @
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desa(r) = {2}
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desa(r) = {2}
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desa(r) = {2}
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Sign Variations and Descents

Descents - Type A

Form =mq...mp1 € Ap let desy(m) denote the descent set of .

desA(W):{i DT> g for 1 élgn}

Example

m =57238146 ¢ A;
12345678

desa(r) = {2}
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Sign Variations and Descents

Descents - Type A
Form =mq...mp1 € Ap let desy(m) denote the descent set of .
desA(W) = {I DT> i for1 <i< n}
Example
m =57238146 € A7
12345678

desp(m) = {2,5}
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Sign Variations and Descents

Descents - Type A
Form =mq...mp1 € Ap let desy(m) denote the descent set of .
desA(W) = {I DT> i for1 <i< n}
Example
m =57238146 € Ay
12345678

desp(m) = {2,5}
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Sign Variations and Descents

Descents - Type A
Form =mq...mp1 € Ap let desy(m) denote the descent set of .
desA(W) = {I DT> i for1 <i< n}
Example
m =57238146 € Ay
12346578

desp(m) = {2,5}
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Sign Variations and Descents

Descents - Type A

Form = mq...mh1q1 € Aplet desa(m) denote the descent set of .

desa(m) ={i : mi > mjyqfor1 <i<n}
Example

m = 57238146 € A7

desp(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type B

For m = m1...m, € By let desg(w) denote the descent set of 7.
desg(m) ={i : m > mjyq for0 <i< n}
where mp = 0.

Example 7 = 57238146 € Bg

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type B

For m = mq...my € By let desg(m) denote the descent set of .
desg(m) = {i : m > miyq for0 <i< n}

where 7 = 0.

Example 7 =57238146 € By

To find descent, we add a 0 in front, and calculate like
“normal’”.
057238146
012345678
desg(m) = @
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Sign Variations and Descents

Descents - Type B

For m = my...m, € By let desg(w) denote the descent set of 7.
desg(m) ={i : m > mipq for0 <i< n}

where 19 = 0.
Example 7 = 57238146 € By
057238146
012345678
desg(m) = {1}
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Sign Variations and Descents

Descents - Type B

For m = my...m, € By let desg(w) denote the descent set of 7.
desg(m) ={i : m > mipq for0 <i< n}

where 19 = 0.
Example 7 = 57238146 € By
057238146
012345678
deSB(Tr) = {1 ) 3}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type B

For m = my...m, € By let desg(w) denote the descent set of 7.
desg(m) ={i : m > mipq for0 <i< n}

where 19 = 0.
Example 7 = 57238146 € By
057238146
012345678
desg(m) = {1, 3,4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type B

For m = 71 ...m, € By let desg(w) denote the descent set of 7.
desg(m) ={i : m > mjyq for0 <i< n}
where mp = 0.

Example 7 = 57238146 € Bg

desg(m) = {1,3,4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(7) denote the descent set of .
desp(m) ={i : m > mjyq1 for0 <i<n}
where my = —o.

Example 7 = 57238146 € Dq

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

Form = mq...my € Dy let desp(w) denote the descent set of .
desp(m) = {i : m > mjy1 for0 <i< n}

where my = —mo.

Example 7 = 57238146 € Dg

To find descent, we add a 7 in front, and calculate like
“normal”.
757238146
012345678
desp(m) = @

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(w) denote the descent set of .

desp(m) = {i : m > mjiy1 for0 <i< n}

where mp = —mo.

Example 7 = 57238146 € Dq
757238146
012345678

desp(7) = {0}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(w) denote the descent set of .

desp(m) = {i : m > mjiy1 for0 <i< n}

where mp = —mo.

Example 7 = 57238146 € Dq
757238146
012345678

desp(m) = {0,1}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(w) denote the descent set of .

desp(m) = {i : m > mjiy1 for0 <i< n}

where mp = —mo.

Example 7 = 57238146 € Dq
757238146
012345678

desp(w) = {0,1,3}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(w) denote the descent set of .

desp(m) = {i : m > mjiy1 for0 <i< n}

where mp = —mo.

Example 7 = 57238146 € Dq
757238146
012345678

deSD(ﬂ') = {07 1 ) 37 4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Descents - Type D

For m = w1 ...m, € Dy let desp(w) denote the descent set of .
desp(m) ={i : m > mjyq1 for0 <i<n}
where my = —o.

Example 7 = 57238146 € Dq

deSD(W) = {07 1 ; 37 4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Main Theorem

Theorem (Bergeron, D., Machacek 2020BP)
The order complex A(Pp) is partitionable. Moreover,

hi(A(Pp)) = |{m € Dp : |desg(m)| = i}|

foreach0 <ij<n.

Example (+i+> <+,‘—) <+[+) (+,|—)
0,+) 0,+) (+,0) (+,0)

h(A(P7)) = (1,2,1) {(0,0)} {(++)} ()} {(+0)}

T
{2}

A(P2)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and maximal chains

How do we associate permutations and maximal chains in our
poset?

m Change 7; to 0 inductively.

(+,++++++ +)

(+, 4.+, +,0,+,+,+)
57238146 |

(+,+,+,+,0,+,0,+)

(+,0,+,4+,0,+,0,+)

(+7Oa 07 +7 07 +7Oa +)

(+’ 07 07 +7 0’ +7 07 0)

(07 Ov 07 +7 07 +7 07 0)

(0,0,0,0,0,+,0,0)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

57238146

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

57|238/146 10
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Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

o (4 +,0,+,0,4)
57|238|146 ™

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

o (i +,0,+,0,4)
57|238|146 ™ |
(+? 07 O? +7 0) +? 07 O)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

o (i +,0,+,0,4)
57|238|146 ™% |
(Jr? 07 07 +7 0) Jr? 07 0)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™" (+,0,0,+,0,+,0,0)

desa(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™" (+,0,0,+,0,+,0,0) —

desa(m) = {2,5}
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Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™" (+,0,0,+,0,+,0,0) — 57

desa(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™", (+,0,0,+,0,+,0,00 — 57238

desa(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™1, (+,0,0,+,0,+,0,0) = 57238146

desa(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Permutations and chains
How do we associate permutations and chains in our poset?
m Order Os first
m Add increasing sequences inductively.

(+,+,+,+,0,+,0,+)

57238146 ™,  (+,0,0,+,0,4+,0,0) = 57238146

desa(m) = {2,5}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Negatives?

But how do we handle the negatives?!

57238146  « 0

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Negatives?

But how do we handle the negatives?!

57238146 0
(57238146, {1,3,7,8})

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Sign Variations

Sign vector w € V.
var(w) = number of times w changes sign

i € [n] is a sign flip of w if there exists a j such that w;_;jw; < 0
while w;_gwj =0forall1 < k <.

Example
w:(+7+7 y Ty T 7+7_):>Var( ):3
/N NN
(+7+a_7_a_70a+7_) A {377’8}
1234567 8

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Cyclic Sign Variations
Sign vector w € Vp,.

cvar(w) = number of times w changes sign, cyclically

i € [n] is a cyclic sign flip of w if there exists a j such that
wi—jwj < 0 while wj_kw; = 0forall 1 < k < jwhere w; = wjin.

Example

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and maximal chains

How about even signed permutations and maximal chains?
m Just as before with a final step of adding negatives.

(+70707 _707 _707 _)

- —— (+’+’_7_707_7+7_) (+7O707_7O7_1070)
57238146

(57238146,{1,3,7,8}) (+7+7_7_707_70’_)

(07 0’ 07 +7 07 +7 07 0)

(+70a ] 7703

73077) (030707070a+a070)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

57238146
(57238146, {1,3,7,8})

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

5|72/3/8746 7
(57238146, {1,3,7,8})

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.
(+,- + ===+ 7)

5|72/3/8746 7
(57238146, {1,3,7,8})
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Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(+7 +7 Ty Ty Ty T +a 7)
(+7 +7 R Oa E) +7 7)

5|72/3/8746 T
(57238146, {1,3,7,8})

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(++,— ===+ )
o (40, +,0)
5/72|3|8146 ™=
(57238146, {1,3,7,8}) (+,0,—,-,0,—,0,-)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(++,— ===+ )
o (40, +,0)
5/72|3|8146 ™=
(57238146, {1,3,7,8}) (+,0,—,-,0,—,0,-)

(+,0,0, _707 _707 _)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(++,— ===+ )
o (40, +,0)
5/72|3|8146 ™=
(57238146, {1,3,7,8}) (+,0,—,-,0,—,0,-)

(+,0,0, 7707 7707 7)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

(+7+7 -t _)
(+7 +7 ] _707 _7+7 _)
5|72/3/8746 1%
(+707 ) _707 _7O> _)
(57238146, {1,3,7,8})

(+7 07 oa _707 ) 07 _)
desp(m) = {0,1,3,4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek)
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Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

(+7+7 T Ty Ty Ty +7 _)

(+7 +7 ) _707 _7+7 _)

5723|8146 ™% (4.0,

) _307 _707 _)
(57238146, {1,3,7,8))

(+50707 7707 7703 7)
desp(m}=—613-4}
desg(m) = {1,3,4}

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek)
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Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(+7 +7 Ty T 07 ) +7 7)
(+7O7_7_707_707_) -

57238746 11,

(+70707 _707 _>O7 _)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(+-, +, = 0, -+, 7)
(+7O7_7_707_707_) — {13”7/8}

57238746 11,

(+70707 _707 _>O7 _)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

(+7+7_7 _107 _7+7 _)
{1,8,7,8}

- ——— min (+707_a_a07_707_) —
57238146 —

(+a Oa 07 ] 07 ) 0’ 7)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

(+7+7_7 _107 _7+7 _)
{1,8,7,8}

- ——— min (+707_a_a07_707_) —
57238146 —

572
(+a Oa 07 ] 07 ) 0’ 7)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in
our poset?

m Just as before, but with negatives.

(+7+7_7 _107 _7+7 _)
{1,8,7,8}

- ——— min (+707_a_a07_707_) —
57238146 —

5723
(+a Oa 07 ] 07 ) 0’ 7)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(+7 +7 Ty T 07 ) +? 7)
{1,8,7,8}
[ min (+70777770777057) -
57238146 —
(+.0,0,-,0,,0,) 57238146

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Even signed permutations and chains

How do we associate even signed permutations and chains in

our poset?
m Just as before, but with negatives.
(+7 +7 Ty T 07 ) +7 7)
(+7O7_7_707_707_) -

57238146 M1, 57238146

(+70707 _707 _>O7 _)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Main Theorem (Again)

Let D, be the type D Coxeter group and let desg denote the
type B descent set of an element © € Dj,.

Theorem (Bergeron, D., Machacek 2020BP)
The order complex A(Pp) is partitionable. Moreover,

hi(A(Pp)) = {7 € Dn : |desg(m)| = i}|

foreach0 <ij<n.

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Example - n=2

hi(A(P2)) = |[{m € Da : |desg(m)| =i}  h(A(P2))=(1,2,1)

(+1+) (+"—) (+i+) (+»‘—)
0,+) 0,+) (+,0) (+,0)

{05} {(++H)} {(+-) {(+0)}

T
{2}

A(Py)

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021



Sign Variations and Descents

Restriction of variations

B PVnm={w € PV, : var(w) < m}.
[ | Pnym == (Pme, <)
m Dpm={m € D, : mhas at most m negatives}.

Theorem (Bergeron, D., Machacek 2020BP)

If m < n—1 is even then the order complex A(Pp m) is
partitionable. Moreover,

hi(A(Pp,m)) = {7 € Dpm : |desg(m)| = i}|

foreach0 <ij<n.

A. Dermenjian — York Uni (Joint with: N. Bergeron, J. Machacek) 11 Jan 2021
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Thank you!
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