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Hyperplane arrangements
Let (V,(-,-)) be an n-dim real Euclidean vector space.

m A hyperplane H is codim 1 subspace of V with normal ey.
m A hyperplane arrangementis A = {Hy, Ha, ..., Hk}.

m Ais centralif {0} C N A. H, Hs
m Central A is essential if {0} =N A.

H>
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Regions and faces
Let A be an arrangement.
m Regions %, - connected components of V without A.
m Faces .7, - intersections of closures of some regions.
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Poset of regions

m Base region B - some fixed region in %Z4.

m Separation set for R € %4
S(R) .= {H € A| H separates R from B}
Hi Hs
The poset of regions PR(A, B) is the
set of regions ordered by inclusion:
R <PR R < S(R) - S(Fi’/)

H.
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Lattice of regions
An arrangement A in R" is simplicial if every region is simplicial
(i.e., has n boundary hyperplanes).

Theorem (Bjorner, Edelman,
Ziegler '90)

If A is simplicial then PR(A, B) is a

lattice for any B € Z,.

If PR(A, B) is a lattice then B is

simplicial. %
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Facial intervals

Proposition (Bjoérner, Las Vergnas, Sturmfels, White, Ziegler '93)

For every F € .7, there is a unique interval in PR(A, B):
[me, Me] = {R € 4| FCR}

[R4, R3] (Rs, Ay [R2, Rs]
Rs3
R, R, [Ra, Ra] [R2, R2]
[Rs, R4] [B,Rs] [Ri,Re]
B R
[Rs, As] [R1, Ri]
B
(B, B]
[B, Rs] [ByR4]
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Covectors
A covector of a face is a sign vector in {—, 0, +}A relative to
hyperplanes.
H H,
1 ( ’ ) 3
0,—,-) (= —,0)
(+77 7) (7 77+)
H2(+,0 ) (—0,4)
(++,-) (=++)
(+,+,0) (0,+,+)

(+,+,+)
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Facial weak order
Let PR(A, B) be the poset of regions, [mg, ME] be the facial
interval of a face F and L be the set of covectors.
The facial weak order, FW(A, B), is the partial order < on the
set of faces (the left-hand definition). Let F, G by faces in .%4:

F<ew G If |dim(F) — dim(G)| = 1 and F<:G
& 1. FC G, Mf = Mg, or A
Mg <pr Mg 2. GC F, mg = mg. F(H) > G(H)
Me <pr Mg  then F < G. (VH € A)

Theorem (Dermenijian, Hohlweg, McConville, Pilaud 19+)
(F<w@G) & (F=FR<...<F=06G) & (F<£06)
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Main results
Theorem (Dermenjian, Hohlweg, McConville, Pilaud *19+)

Let A be an arrangement and fix a base region B. If the poset
of regions PR(A, B) is a lattice then the facial weak order
FW(A, B) is a lattice.

B; Example:

Properties of the
facial weak order
—
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Properties of the facial weak order

1. Dual of a poset P is the poset P% where x <p y iff y <po x. Self-dualif P = P°.
2. Alattice is semi-distributive if x V y = x V zimplies x Vy = x V (¥ A z) and similarly

for meets.
3. x € P is join-irreducible if it covers exactly one element.

Theorem (Dermenjian, Hohlweg, McConville, Pilaud ’19+)

m Facial weak order is self-dual.

m If A is simplicial then the facial weak order is semi-distributive.

m If A is simplicial then F is join-irreducible if and only if Mg is join-irreducible in PR(.A, B)
and codim(F) € {0,1}.

The Mébius function for X < Y is given by:
(_1)rk(X)+rk(Y) if X S z S Y andZ _ X_Z A y

X, Y)=
g ) {0 otherwise
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